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Abstract:

This deliverable documents the status of WPR4 after 18 months, mixing past achievements with plans

for ongoing and future collaborations. The work is concentrated along three main directions, namely

polar codes, joint receivers, and reduced complexity receivers. The first direction addresses a recent

coding technique developed by NEWCOM++ partners that is receiving much attention internationally

because it is possibly the first constructive coding method to achieve capacity for certain channels. The

aim of the work within WPR4 is to determine whether this method has practical implications. The second

direction addresses the application of iterative techniques to components in a receiver beyond the decoder.

Parallels between iterative decoders and other iterative techniques are exploited, and tools are developed

to optimize the performance of receivers that perform decoding, estimation, detection and synchronization

iteratively. The third direction addresses specifically the design of iterative receivers under complexity

constraints, where the aim is to obtain a good performance comparable to the optimal algorithms while

using a structure that is more amenable to practical implementation. This direction is of prime importance

for the adoption of iterative techniques in practical communication standards.
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1 INTRODUCTION

The present deliverable is the second deliverable issued within the lifetime of workpackage WPR4 of

NEWCOM++. The first deliverable concerned itself with establishing the state of the art in the area of

iterative receivers to serve as a basis for further research within the network of excellence. In contrast,

this second deliverable is a mid-term report concentrating on partial results and plans for further research.

As such, it is neither quite all about past achievements, nor exclusively about future plans, but contains a

mixture of both, in line with the status of the workpackage after its first 18 months of activities.

For a global perspective on the workpackage evolution, it is helpful to review the history of the

workpackage, starting with the preparation work in the pre-project phase when the proposal was being

written, and ending with the preparation of this deliverable. During the writing phase, this workpackage

was positioned as an “interface” topic, researching techniques that are relevant for many of the other

workpackages in the physical and networking layers, thereby attracting the interests of many partner

institutions and many in related workpackages. Consequently, the workpackage description contains a

large list of topics reflecting the broad interests of those involved, structured in 8 tasks that were grouped

into 4 research directions. After the initial workpackage meeting in Munich in February 2008, it was

decided to concentrate on 4 slightly modified general directions: theory of iterative systems; code design;

low complexity and implementation issues; and synchronization. These 4 directions are reflected in the

state-of-the-art document DR4.1. Several topics of central interest were divided across these 4 directions,

e.g., polar coding was treated both under “code design” and under “low complexity and implementation”.

Collaborative work in some of these areas took off as intended and has produced a number of joint

publication, in particular on phase noise estimation / synchronization, and on low complexity decoder

architectures. In other fields, various circumstances made it more difficult for the collaboration to take

off, like for example the departure of some project participants from their partner institutions or the

complete novelty of a topic. This was recognized during a monitoring video meeting in the autumn of

2008 and it was decided to hold another plenary workpackage meeting in January 2009 in Istanbul. This

meeting lasted 3 days and its aim was to offer an opportunity for new workpackage participants to meet

and launch new collaborations. Following this, a consolidation of tasks was undertaken which is reflected

in the present deliverable. The current 3 tasks of the workpackage, reflected in the 3 technical chapters of

this deliverable, are:

Polar Codes This novel coding techniques was devised by Erdal Arikan from Bilkent and presented

prior to publication at the initial WP meeting in Munich, where it raised great interest among WP

participants. Meanwhile it has triggered an intense international response, with several papers

on the subject submitted and published by groups inside and outside NEWCOM++, justifying our

choice to dedicate a whole task to this technique within WPR4. Collaborations on this topic are still

at an early stage due to the fact that the topic was not part of the initial proposal. Several researchers

from CNIT/Polito, CNRS/ENSEA and FTW are interested in collaborating with the initiator from

Bilkent and intense exchanges took place at our recent meeting in Istanbul, that is expected to bear

fuits within the next reporting period. The information in this deliverable highlights the known

results on polar coding upon which future work will elaborate, and reports the conclusions from

the discussions held in Istanbul.

Joint Receivers This task reunites all activities relating to iterative receiver structures beyond decoding,

where different parts of the receiver exchange messages in view of achieving a global efficiency as

opposed to efficiency only at the level of the decoder. The consolidation of this task is in response

to feedback received during the first year evaluation of NEWCOM++, where it was observed that

activities in WPR4 targeting joint processing within the receiver were split across tasks and not

sufficiently emphasized. The information in the corresponding chapter documents on one hand

mature work that has been the subject of joint publications, e.g. collaboration by UCL/UGent and

Bilkent/Kadir Has on phase noise estimation, and new initiatives and associated research plans that

have been lauched during the meeting in Istanbul.
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Reduced Complexity Decoding This task is unchanged from the previous deliverable and gave rise to a

fruitful collaboration between NKUA/NOA and PUT. In addition, ideas on quantization that were

presented at the initial Munich meeting and in the previous deliverable gave rise to individual

publications by FTW/VUT. Furthermore, a new collaboration between PUT and Bilkent/Kadir Has

was intiated in Istanbul and the associated research plan is presented in the corresponding chapter.

1.1 Abbreviations

Throughout this report, abbreviations are defined in the text where they are used. For convenience, we

also provide a list of abbreviations used:

APP A-Posteriori Probability

AWGN Additive White Gaussian Noise

BCJR Bahl Cocke Jelinek Raviv

B-DMC Binary-input Discrete Memoryless Channel

BEC Binary Erasure Channel

BER Bit Error Rate

BICM Bit-Interleaved Coded Modulation

BPSK Binary Phase Shift Keying

BSC Binary Symmetric Channel

CDMA Code Division Multiple Access

DFE Decision Feedback Equalization

DM Divergence Minimization

DMC Discrete Memoryless Channel

EM Expectation-Maximization

EXIT EXtrinsic Information Transfer

FER Frame Error Rate

FS Frequency Selective

GF Galois Field

ISI Inter Symbol Interference

KL Kullback Leibler

LDPC Low-Density Parity Check

LLR Log Likelihood Ratio

LMMSE Linear Minimum Mean Square Estimation

Log-MAP Logarithmic Maximum A Posteriori

LUT Look-Up Table
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Max-Log-MAP Maximum Logarithm Maximum A Posteriori

MAP Maximum A Posteriori

MIMO Multiple Input Multiple Output

MSE Mean Squared Error

OFDM Orthogonal Frequency Division Multiplexing

OFDMA Orthogonal Frequency Division Multiple Access

PSK Phase Shift Keying

QPSK Quadrature Phase Shift Keying

RM Reed Muller

SAGE Space-Alternating Generalized Expectation-maximization

SISO Soft Input Soft Output

SMC Sequential Monte Carlo

SNR Signal to Noise Ratio

SOVA Soft-Output Viterbi Algorithm

STC Space Time Codes

VB Variational Bayesian

VBEM Variational Bayesian Expectation Maximization
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2 POLAR CODES

The aim of this chapter is to report progress made on polar coding as part of NEWCOM++ WP4 activities

in the period from T0+6 to T0+18. An initial research agenda for polar coding was defined in the Deliv-

erable DR4.1, Sections 3.2 and 4.7. This agenda was revised and expanded in the WP4 Istanbul Meeting,

19-21 January 2009. A task group was formed on polar coding in the same meeting. This chapter will

report the technical work carried out by this task group.

2.1 General Background on Polar Coding

A detailed description of polar coding was given in DR4.1 and will not be repeated here. Instead we will

begin with an overview of the most important properties of polar codes and review the existing work on

polar coding to provide a perspective on current and proposed work under N++.

2.1.1 Overview of polar coding

Polar codes are a class of codes that achieve the symmetric capacity I(W ) of any given binary-input

discrete memoryless channel (B-DMC) W [Arı07]. The symmetric capacity I(W ) is defined as the mutual

information between the input and output terminals of W subject to using the channel input letters with

equal frequency. I(W ) equals the channel capacity for channels with certain symmetry properties, such

as the Binary Symmetric Channels (BSC) and Binary Erasure Channel (BEC).

The encoding and decoding complexity for polar codes is given by O(N logN) in terms of the code

block-length N. Polar codes are the first class of codes that are provably capacity-achieving with such

low-complexity encoding and decoding algorithms. The well-established LDPC and turbo codes are also

capacity-achieving codes with low-complexity encoding and decoding algorithms, however, there is no

rigorous proof of this fact for arbitrary B-DMCs.

It has been shown in [AT08] that the probability of block-error for polar codes is bounded by O(2−Nβ
)

for any fixed rate R < I(W ) and β < 1
2
. (We will refer to this fact by saying that polar codes have error

exponent 1
2
.) This error bound combined with the low-complexity encoding and decoding algorithms for

polar codes make them special in the following sense. For polar coding at rate R and block-length N,

let Pb(N,R) and χb(N,R) denote, respectively, the bit-error rate and the per-bit encoding and decoding

complexity of achieving Pb(N,R). Then, asymptotically, as N grows, these two parameters are related as

χb(N,R) ≈ log log
1

Pb(N,R)
for any fixed R < I(W ).

This offers the best known trade-off between complexity and performance among all known classes of

capacity-achieving error-correction codes.

Despite these nice asymptotical properties on complexity and performance, it is not yet clear if polar

coding will have an impact on the practice of error-correction coding, where the performance at non-

asymptotic regime is important. One of the main motivations for studying polar coding as part of WP4 is

to answer this question, as well as addressing interesting theoretical problems.

2.2 Brief literature survey on polar coding

Polar codes were defined and analyzed in [Arı07], [Arı08a]. The exponential error bound for polar codes

was first proved in [AT08], and later a simplified proof was given in [AT09].

The polar codes in [Arı07] were based on a channel combining matrix F =
[

1 0
1 1

]
, and it was con-

jectured that polar code constructions based on other matrices would be possible. Korada and Şaşoğlu

[KŞ08] gave a general characterization of combining matrices that polarize a binary-input channel. They

showed that any matrix that is not upper-triangular is sufficient (and necessary) for polarization. In sub-

sequent work, Korada, Şaşoğlu, and Urbanke [KŞU09] contructed polar codes that improved the error

exponent of the basic construction from 1
2

to any number arbitrarily close to 1. However, they also
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showed that in order to improve the error exponent beyond 1
2

one needs to use a combining matrix of size

16-by-16. So, it is unclear if the improvement of the exponent will have an impact for practical purposes.

Mori and Tanaka [MT09] showed that if one assumes that one can do infinite precision density evo-

lution (DE) at unit cost, the complexity of constructing polar codes is bounded as O(N). The assumption

of unit-cost DE is unrealistic, and it is of interest to study the actual complexity under a more realistic

computational model.

Polar coding performance was compared with Reed-Muller codes in [Arı08b], where the main con-

clusion was that polar codes perform better than RM codes under belief propagation (BP) decoding. In

[AKM+09], polar codes and RM codes were compared under ML decoding as well as BP decoding. The

main conclusion was that RM codes perform better than polar codes at high SNR values due to their better

minimum distance properties.

Hussami et al. [HKU09] considered variations of BP decoding of polar codes. They also considered

ML decoding of polar codes for the case of a BEC. Their main conclusion was that polar codes are not

record-breaking; existing LDPC and turbo codes outperform polar codes at practical block-lengths.

By now it is emerging that the idea of polar coding alone will not be sufficient to construct codes that

can compete with state-of-the-art FEC schemes. In an effort to improve the performance of polar codes

at small block-lengths, a two-dimensional polar coding scheme was considered in [AM09]. However, the

results there are not record-breaking either.

On the more theoretical side, Korada and Urbanke [KU09] have shown that polar codes are opti-

mal (achieving the Shannon limit) for a large set of source and channel coding problems, other than

the simple error correction scheme for which they were introduced. Furthermore, they showed that the

low-complexity nature of polar coding is preserved. In each problem they studied, they obtained the

first provably-optimal low-complexity coding solution. Among the problems considered by Korada and

Urbanke are lossy source coding, Wyner-Ziv coding, and Gelfand-Pinsker coding.

2.3 Polar coding research subjects under WP4

At present the research on polar coding in WP4 can be itemized as follows.

• Polar coding for general channels. There are two directions in which work is underway to general-

ized the basic polar coding scheme.

– Polar coding for arbitrary DMCs. Polar codes were initially introduced for the class of binary-

input DMCs. It is of interest to generalize polar coding to DMCs with non-binary input

alphabets. This is discussed in Section 2.4.

– Polar coding for channels with continuous inputs. It is of great theoretical and practical

interest to generalize the notion of channel polarization and devise polar coding schemes for

channels with continuous input alphabets, such as the AWGN channel. This is an area where

we have identified convergence of interest under WP4. Initial research results on this subject

is reported in Sections 2.4 and 2.5.

• Polar coding for compressed sensing. Compressed sensing [Don06] is a new paradigm that asserts

that many real-life signals can be recovered from far fewer samples than dictated by the Nyquist

rate. Motivated by the fact that polar coding is optimal for source coding [KU09], we initiated a

research effort to apply polar coding to the CS problem. The initial ideas along this direction are

reported in 2.6. Since CS is usually carried out over continuous vector spaces, this subject has a

cross-section with polar coding for continuous channels.

• Improvement of polar coding performance. Although polar codes are capacity-achieving codes,

initial trials indicate that they cannot compete with existing state-of-the-art FEC schemes. It is

of interest to search for variants of polar coding in combination with other coding techniques to

improve the basic polar coding performance. The work items under this category are as follows.
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– Variations on BP decoding for polar coding. The initial presentation of polar codes were based

on a successive cancellation (SC) decoding scheme. Although SC decoders are tractable,

for practical applications it is desirable to use more powerful decoding algorithms, such as

variations of belief propagation (BP) decoding.

– ML decoding for short polar codes. ML decoding of polar codes is feasible only at block-

lengths less than a few hundred bits. Such short polar codes cannot achieve in standalone

fashion the BER (bit error rate) performances required in many applications. However, short

polar codes may be combined in various forms (such as product coding) to achieve the de-

sired BER performance. A study on the performance of polar codes under ML decoding is

presented in Section 2.8.

– Two-dimensional polar coding. One way of improving polar coding performance is to use it

in a two-dimensional coding scheme in combination with other codes. One such scheme is

described in Section 2.9.

• Comparison with Reed-Muller codes. An interesting research problem of a fundamental nature that

we propose for study in the next reporting period is the performance of Reed-Muller codes under

ML decoding. The challenge here is explained in Section 2.10.

2.4 Polar coding for general classes of channels

Consider an arbitrary DMC W : X →Y where the input alphabet is of the form X = {0,1, . . . ,q−1} for

some q≥ 2 and the output alphabet Y is arbitrary. Let (X ,Y ) be an input-output ensemble for this channel

with PX ,Y (x,y) = Q(x)W (y|x) where Q is some PMF on X . Let I(X ;Y ) denote the mutual information

between X and Y . The channel capacity C(W ) is defined as

C(W ) = max
Q

I(X ;Y ).

The symmetric channel capacity I(W ) is defined as

I(W ) = I(X ;Y ), X is uniform on X .

In [Arı07], polar coding was introduced for binary-input channels (q = 2) and it was shown that it

achieves I(W ) for such channels. The extension of polar coding to non-binary channels (q > 2) and the

extension of the method so that it achieves C(W ) rather than I(W ) was left for future study. In this part,

we will outline a proposal to extend polar coding to arbitrary DMCs. Although the discussion is limited

to DMCs, one of the channels we have in mind is the AWGN channel, which is important in applications.

Such channels with continuous input and output alphabets can be studied by properly quantizing them

into DMCs.

The main idea of the proposed approach is to reduce the general coding problem to the already-solved

binary polar coding problem. In the proposed scheme, this reduction is achieved by attaching a front-end

processor f : {0,1}m → X to the given channel W , where m is a design parameter. The mapping f may

be thought of as a modulator that maps bit sequences to channel input symbols. The equivalent channel

consisting of f and W is a DMC W̃ : {0,1}m → Y with transition probabilities

W̃ (y|um
1 ) = W (y| f (um

1 )), for all y ∈ Y and um
1 ∈ {0,1}m.

Let (Um
1 ,Y ) denote an input-output ensemble for the channel W̃ so that Um

1 is uniformly distributed on

{0,1}m and PY |Um
1
(y|um

1 ) = W̃ (y|um
1 ). Clearly, the symmetric capacity for the channel W̃ is given by

I(W̃ ) = I(Y ;Um
1 ). By the data processing theorem, I(W̃ )≤C(W ). On the other hand, for any given ε > 0,

it is possible to choose m large enough so that there exists an f for which I(W̃ ) > C(W )− ε . Thus, any

coding method that achieves I(W̃ ) can be used to achieve C(W ) with appopriate design. We will now

describe a polar coding method for achieving I(W̃ ).
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The method we use combines polar coding with multi-level coding, and we refer to the original work

on the subject by Imai and Hirakawa [IH77]. The multi-level coding approach splits the channel W̃ into

m binary-input channels:

W̃ (i) : {0,1}→ Y ×{0,1}i−1, i = 1, . . . ,m,

with transition probabilities

W̃ (i)(y,ui−1
1 |ui) = ∑

um
i+1

1

2m−1
W (y|um

1 ).

We observe that

I(W̃ (i)) = I(Ui;Y,U i−1
1 ) = I(Ui;Y |U i−1

1 )

where the second equality follows by the independence of Ui and U i−1
1 . Thus, by the chain rule for the

mutual information function, we have

I(W̃ ) =
m

∑
i=1

I(W̃ (i)).

Now consider N = 2n independent copies of the channel W̃ for some n ≥ 1. This gives N copies of

each channel W̃ (i), 1 ≤ i ≤ m. For each channel W̃ (i) we design a polar code of rate Ri < I(W̃ (i)) and

block-length N. In N uses of the channel W̃ , we transmit one codeword over each of the channels W̃ (i).

At the receiver, first the polar code for channel W̃ (1) is decoded, regarding the codewords by the other

channels as random noise. The decoder succeeds in recovering the correct codeword with probability

O(2−Nβ
) (where β may be taken as 1

2
−δ for some fixed δ > 0). The result of this first decoding step is

fed to the second decoder which decodes the codeword for channel W̃ (2). The decoding continues in this

manner, by successive cancellation, until all m codewords are decoded. By a standard argument, it can be

shown that the probability of overall error for the entire codeword is bounded by O(m2−Nβ
). Thus, polar

codes achieve I(W̃ ).
The above approach can be used to apply polar coding to the AWGN channel by suitably discretizing

its input and output alphabets. Recall that for the AWGN channel, the channel output is given by Y =
X +W where X is the channel input with a power constraint E[X2] ≤ P for some P and W ∼ N(0,σ 2).
The channel-splitting approach for achieving the capacity of this channel has been considered by Duan et

al. [DRU97] where the mapping f was chosen as an adder:

f (um
1 ) =

√
P

m

(
m

∑
i=1

(1−2ui)

)
.

Several such mappings were discussed by Ma and Ping [MP04]. Other methods for polar coding over the

AWGN channel will be described in Section 2.5.

2.5 Polar codes over real and complex numbers

One approach to polar coding over channels with continuous input alphabets has been described at the

end of Section 2.4. In this section, we describe alternative approaches. These alternatives address the

polarization problem more directly, rather than trying to reduce the problem to one that has already been

solved. The direct approaches promise to be more robust since they rely on a fewer number of design

parameters.

In describing the methods studied, we will consider only the case of channels for which the input

alphabet is the set of real or complex numbers.
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u1

u2 z2

z1α

β

Figure 1: Basic cell of polar codes over reals

2.5.1 A first method that fails

The first approach we investigated substitutes in place of the modulo-2 adder in the basic butterfly of

polar codes an adder over the real or complex number field.

The encoder procedure for a polar code over the real field is defined starting with a matrix similar

to that defined for the binary field, but with the introduction of real positive scalars to keep bounded the

variance of the generated random variables.

In general the 2×2 matrix is defined as

F =

(
1 0

β α

)

where we fix α2 + β 2 = 1. A block diagram of the basic cell of the polar code (butterfly) is reported in

Figure 1.

Input to the encoder are in general antipodal values ui ∈ {±1, . . . ,±M/2}, properly normalized to

have unitary energy, or 0 for frozen symbols. The encoding system is defined by taking the log2(N)th
Kronecker power of F to generate a 2N-by-2N transform, and to fix a subset of frozen symbols I and its

complementary set Ī of transmitted symbols.

The rate of the encoder is then obtained as

R =
|Ī|
2N

log2 M bits/dim

By construction, the encoding scheme guarantees that all the generated variables have zero mean and

unitary variance. Furthermore, by exploiting the central limit theorem, the variables at the output of the

encoder will a Gaussian distribution when N grows.1

Message passing decoder

The main simplification resulting with the transmission of Gaussian variables on a Gaussian channel

is that also the messages (likelihoods) at the receiver become Gaussian distributed and message passing

decoder simplifies considerably. Gaussian messages for a given variable a are conveniently represented

through their mean µa and variance σ2
a .

The derivation of the BP decoder for a graph with real values and Gaussian messages associated with

them can be obtained following the general approach described in [LDH+07]; we report here the main

results relevant to this framework:

• The message (sum and variance) at a sum node z = x+ y is updated according to

µz = µx + µy

σ2
z = σ2

y +σ2
x

1We neglect here the border effect of those few variables that are only a sum of a small number of terms. The central limit

theorem approximation is not needed for these terms since they are the best-protected ones in the SC decoding chain.
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Figure 2: Message passing relationships (SISO decoder) for the basic cell in the polar codes over the reals

field.

• The message at a repetition node z = x = y is updated according to

σ−2
z µz = σ−2

x µx +σ−2
y µy

σ−2
z = σ−2

y +σ−2
x

• The message associated to the variable z = αx is computed as

σ2
z = α2σ2

x

µx = αµx

The SISO message passing algorithm, for Gaussian messages in the butterfly of polar code 1) is

reported for in Figure 2.

Failure of the method

The use of operations on the real field leads to an encoding system that is linear, and is then equivalent

to a filtering operation. Unfortunately filtering in general modifies the covariance matrix of the transmitted

Gaussian variables. This in turn may lead to a loss in capacity if the resulting covariance matrix is not

diagonal.

In fact, comparing the information theory inequalities with those obtained for the binary case we can

still prove, using the chain rule, that

I(Z1,Z2;Y1,Y2) = I(W ′)+ I(W ′′) = I(U1;Y1Y2)+ I(U2;Y1Y2U1),
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where W ′ and W ′′ are the component channels in channel polarization. However, due to the dependency

of Z1 and Z2 at the output we have

I(Z1,Z2;Y1,Y2) < 2I(Z;Y );

so that channel polarization comes at the expense of a capacity loss.

In particular one can directly find closed-form expressions for the symmetric capacities I(W ′) and

I(W ′′) as follows:

I(W ′) =
1

2
log

(
1+

(1−β 2)(1+σ2)

σ2(1+β 2 +σ2)

)

I(W ′′) =
1

2
log

(
1+

1+β 2

σ2

)
,

and verify the inequality

I(W ′)+ I(W ′′) =
1

2
log

(
(1+σ2)2 −β 2

σ4

)
< 2I(Z;Y ) =

1

2
log

(
(1+σ2)2

σ4

)
.

The only transformations that do not imply a loss of capacity are unitary transformations. These trans-

formations however do not show any polarization effect and furthermore do not admit a loop free (tree)

graph representation.

2.5.2 Encoding with the mod 1 sum

Given the above failed method based on encoding with real sum operations, we started investigating other

kind of operations.

We observed that the loss of the capacity at the encoder is related to the fact that output variables have

a correlation matrix that is not diagonal although inputs are independent.

In order to circumvent this problem, which is connected to the real sum in the upper part of the

butterfly we considered alternative operations which preserve the independence of the output given the

independence of the inputs. For example, we considered the substitution of the sum with the product of

the signs of the incoming variables together with the propagation of the absolute value of the variable u1.

This operation is isomorphic to the binary sum and preserves independence of the outputs z1 and z2.

Considering complex Gaussian variables, a natural extension of the previous operation would be the

mod 2π sum of the phases of the two complex Gaussian variables. For both operations however the

amplitude of the output variable will be equal to the amplitude of the input variable u1. The encoder

is then equivalent to an encoder which accepts and provides random variables uniformly distributed in

some range (say [0:1]), and uses the values of these variables to generate the phase of a complex Gaussian

variable, whose amplitude is modulated according to a Rayleigh distribution.

The encoding system which uses the mod 1 sum is actually the natural extension of non-binary en-

coder over rings, when the size of the ring grows to infinity.

The study of encoders with the use of mod1 sum and related BP decoders brings up a series of

questions, which are currently under investigation and can be listed as follows.

1. Channels suited to these encoders are channels with a bounded and continuous input. The choice

of the channel determines the message type distribution at the input of the decoder and conse-

quently the BP decoder equations. We are studying under which channel assumptions the polar

code butterfly shows the polarization effect while preserving the channel capacity.

2. The use of a class of messages that can be described with few parameters is the key point for

the simplification of the BP decoder. BP can be performed by deriving the updating equations

of these parameters instead of the values of its samples. To have this simplification however it is
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necessary to use message classes that are closed under the operations performed at the decoding

graph nodes. Unfortunately Gaussian messages are the only distributions that are closed under both

the sum and repetition operations at the encoder. We are currently considering Tychonov, wrapped

normal messages and sampled wrapped normal messages, which are "almost" closed under sum

and repetition, to derive BP equations and check the impact of the approximation.

3. As the inputs to the encoder are discrete uniform variables, the use of their a-priori probablilities

in the BP equation has the effect of sampling the channel messages. The effect of this sampling on

the behavior of the BP decoder with continuous messages should be studied.

4. The use of mod 1 operations open the possibility of designing encoding systems more general than

Polar Codes. Once their usefulness has been shown, we are planning to consider also different

encoding schemes, like for example LDPC.

2.6 Polar coding and compressed sensing

The celebrated Nyquist-Shannon sampling theorem, a fundamental result in the field of Information The-

ory, specifies that the number of samples required to reconstruct a signal without errors is dictated by its

bandwidth. In particular, the signal must be sampled at a sampling rate at least twice the signal band-

width. Conventional signal acquisition methods (for example, to reconstruct a digital image) follow this

basic principle. Unfortunately, this approach presents two main drawbacks. First, the complexity might

be too high: for several applications, such as medical imaging or high-speed analog-to-digital convert-

ers, increasing the sampling rate is very expensive. Second, the Nyquist rate is too high: it generates

a huge amount of data, but only relatively little information about the interesting portions of the signal

is provided. In practice, most of the sampled data can be removed with almost no perceptual loss (this

is the principle that underlies most modern lossy source encoders, such as JPEG-2000). A fundamental

question arises in this context: Is it possible to reconstruct signals accurately from a number of samples

significantly smaller than the limit given by the Nyquist-Shannon theorem? In the past few years Com-

pressed Sensing (CS), motivated by Donoho’s seminal work [Don06], has emerged as a new paradigm

that gives an affirmative answer to this question: signals can be recovered from far fewer measurements

than are usually considered as necessary.

The main idea in CS is to exploit the fact that most interesting signals have an inherent structure or

contain redundancy. In particular, many real-world signals are sparse or compressible, in the sense that

they contain many coefficients close to or equal to zero, when represented in the proper basis. These

signals can be recovered from significantly fewer samples compared to conventional sampling: it is not

necessary to invest a lot of power into observing the entries of a sparse signal in all coordinates when most

of them carry little or no information. Today, CS is a rapidly growing research field with interactions with

other several fields, such as statistics, signal processing, computer science, and coding theory.

In [ZP08a, ZP08b] Zhang and Pfister showed that the basic CS problem can be regarded as a syndrome

source coding problem, in which an n-dimensional signal x is compressed to an m-dimensional (m < n)
observation y = Hx (the syndrome) by multiplying with the parity check matrix H of a linear (n,k) block

code with m = n− k. Thus, H can be used as the measurement matrix in CS. Decoding can then be

obtained for example via belief propagation on the bipartite graph associated with H. However, since the

effective code rate k/m is larger than one, in general additional a priori information about the source must

be used to facilitate error-free decoding with high probability. In the case of CS this side information is

given by the fact that x is a sparse vector with a very small number of non-zero elements.

A main difference between CS and coding is that the latter deals in general with discrete alphabets

while CS deals with signals over the real numbers. Therefore, codes must be properly generalized to the

real numbers for the CS problem. In [ZP08a, ZP08b] Zhang and Pfister apply LDPC codes to CS by

modifying the encoding/decoding algorithm to deal with real numbers.

Recently, in [HKU09] it has been shown that polar codes can be used for source coding. In particular,

it is shown in [HKU09] that polar codes achieve the Shannon bound for lossless compression of a binary

Reference DR.4.2

14 / 62



216715 NEWCOM++ DR.4.2

memoryless source, and the optimal rate for zero distortion in lossy source coding. Polar codes are

therefore appealing for CS. We intend to consider polar codes, suitably extended to the real numbers, for

CS.

This research item has obvious close connections with the successful development of an error correc-

tion coding scheme based on polar codes for channels with inputs over real numbers. We foresee close

collaboration between partners on these joint research issues.

2.7 Non-binary Iterative decoding of Polar codes.

It has been shown in [Arı07] that polar coding under successive cancellation (SC) decoding can achieve

symmetric channel capacity. However, for practical codeword block lengths of interest, other kinds of

decoding algorithms have to be considered to try to achieve better performance. To this end, using the

normal graph representation of polar codes, it has been shown in [Arı07], [Arı08b] that Belief Propagation

(BP) decoding algorithm can be efficiently applied to this class of codes: the authors have shown in par-

ticular that polar codes exhibit better performance than Reed-Muller codes. More recently, in [HKU09],

the authors considered in detail the polar coding performance under iterative decoding. In particular,

they proposed a particular scheduling scheme for BP decoding that has significantly outperformed the

SC decoder. Further, they proposed to further improve performance under iterative decoding using an

overcomplete representation of the codes based on different equivalent graph representations of these

codes.

An on-going collaboration within NEWCOM++ WP4 aims to identify new trends in iterative de-

coding of polar codes to improve their performance. In particular, it has been previously identified that

well-suited non-binary iterative decoding of binary codes can improve their performance, at the expense

of increasing complexity. Therefore, it has been proposed to investigate the possible application of non

binary iterative decoding in the context of polar codes. Towards this goal, some interesting issues arise.

For example:

• What is the most suitable non-binary representation for efficient non binary BP decoding (i.e. order

of the binary group extension and associated graph representation)?

Indeed, binary BP decoding is efficient since there exists a suitable representation of polar codes.

However, good performance is achieved only if proper scheduling is used. When considering non-

binary iterative decoding, one has to identify first what the most suitable representation is.

• Is the scheduling a critical issue for this representation?

This work in an on-going research task within WP4.

2.8 ML decoding performance of polar codes

In this part, we report research results on the performance of polar codes under ML decoding. Specif-

ically, we consider trellis-based representations of polar codes and consider their BER and FER (frame

error rate) performance under the Viterbi and BCJR algorithms. We use Reed-Muller (RM) codes as a

benchmark in this study. As shown in [Arı08b], polar codes and RM codes share much in common in

their construction and the well-established RM codes provide an excellent benchmark for both error rate

and complexity comparisons. The material in this part is based on the paper [AKM+09].

Unlike BP and SC decoders, the complexity of ML decoding increases exponentially as the number

of states in the associated trellis is increased for any fixed non-zero coding rate. So, ML decoding of

polar codes becomes infeasible after a certain block length. It is of interest to determine the range of

block-lengths where ML decoding is feasible for polar codes and also compare ML and BP decoder

performance to find out how much loss is incurred by using the sub-optimal BP decoder. These questions

are addressed here.

The study of polar coding at small to moderate block-lengths (64 to 512) may be of interest in appli-

cations where there is little tolerance for delay but the BER requirements are not very stringent. In such
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cases, polar codes may be applied as stand-alone codes. Polar codes under ML decoding may also be

employed as component codes in iterative coding schemes.

2.8.1 Trellis representation of polar codes

In this section, we study the performance and complexity of polar coding under trellis-based ML de-

coding. Throughout the study, RM codes are used as a benchmark. For terminology and details of

trellis-based representation of block-codes, we refer to [LDJC04] and [HM97].

We list in Table 1, the trellis complexity of the two families of codes for various code dimensions

(N,K). Listed in the table are the code minimum distance d, the state complexity V , which equals the

total number of vertices in the trellis representation, and the branch complexity E, which equals the total

number of edges in the trellis representation. There are two types of trellis representations listed in the

table: bit-level and parallelized . In the bit-level representation, the trellis consists of N sections. The

parallelized trellis representation also consists of N sections; however, the trellis is split into a number

of identical and disjoint sub-trellises using the method described in [LDJC04, Sect.9.7]. Although par-

allelization does not reduce the total state complexity, it simplifies the decoder implementation both in

hardware and software. The complexity numbers in the table for the case of parallelized trellises refer to

the complexity of one component sub-trellis.

Table 1: Trellis complexity of polar and RM codes.

Polar RM

bit-level parallelized bit-level parallelized

N K d V E V E d V E V E

32 16 4 1222 1628 232 292 8 4798 6396 434 540

32 26 4 638 1180 390 700 4 638 1180 390 700

64 57 2 818 1556 818 1556 4 2638 5084 1630 3100

128 120 2 3338 6516 3338 6516 4 10734 21084 6670 13020

We note that the bit-level trellis complexity numbers in the table for the RM codes agree with those

in Table II of [KDM+96]. The table shows that for a given (N,K), polar codes tend to have significantly

lower bit-level trellis complexity. The table also shows that RM codes benefit from parallelization more

than polar codes do; however, polar codes still remain less complex.

To gain further insight into the trellis complexity issue, let us look at the RM(64,57) and P(64,57)
codes more closely. The matrices GP(64,57) and GRM(64,57) happen to differ only in one row. While

the RM generator matrix uses the row 1015101510151015 (here 015 denotes 15 consecutive 0s), in its place

the polar generator matrix uses the row 12062. This choice reduces the minimum Hamming distance of

the code from 4 to 2; however, it also reduces the trellis complexity since the second row has a shorter

span of 1s. The preference of low-span rows by polar coding is also in evidence in the (8,5) code example

whose generator matrix was given above. Note that GP(32,26) and GRM(32,26) are identical, which

explains the identical figures in row 2 of the table.

2.8.2 Simulations

We now give simulation results for the BER and FER performance of polar codes and RM codes over

a BPSK channel with additive Gaussian noise. Due to space limitations, we will present only a limited

number of simulation results. The conclusions that will be drawn on the given examples are consistent

with experimental results performed for other code lengths and rates.

Figure 3 shows the performance for (64,57) codes under Viterbi decoding. These codes are important

as component codes in BTC (block turbo coding) schemes as we will see in the next section. From the

figure, we observe that polar codes are more energy efficient at low EbN0 values (with BER values above
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roughly 10−4); at high SNRs, RM codes have a performance advantage which can be explained by their

larger code minimum distance. The FER performance of RM codes appears better than that of polar codes

at all EbN0 values, which can also be attributed to the larger minimum distance of RM codes. Since polar

codes have a significantly lower trellis complexity, the P(64,57) code may be seen as a viable alternative

to the RM(64,57) code at least for certain applications where a target BER of 10−4 is sufficient.
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Figure 3: Error rates for (64,57) polar and RM codes on a BSPK channel.

In Fig. 4, we show the performance of P(64,57) code under three decoding algorithms, namely,

Viterbi, BCJR, and BP decoders. We observe that the Viterbi and BCJR algorithms give roughly the

same performance throughout the EbN0 range. The BP algorithm on the other hand has a slightly worse

BER performance than the other two, while its FER performance is not markedly different. Since the

complexity of the BP algorithm is O(N logN) in terms of code block-length, BP algorithm can be used

at much higher block-lengths while the ML algorithms (Viterbi and BCJR) are restricted to small block-

lengths.

0 1 2 3 4 5 6 7
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

EbN0 (dB)

B
E

R

EbN0 vs. BER

 

 

Viterbi

BCJR

BP

0 1 2 3 4 5 6 7
10

−4

10
−3

10
−2

10
−1

10
0

EbN0 (dB)

F
E

R

EbN0 vs. FER

 

 

Viterbi

BCJR

BP

Figure 4: Error rates for the (64,57) polar code under various decoding algorithms.

We now illustrate that under BP decoding, a performance advantage emerges in favor of polar codes

as one increases the block-length. In Fig. 5, we show results under BP decoding for the codes RM(64,57),

P(64,57), RM(256,228), and P(256,228), all of which have the same rate. It is seen that while the high-

EbN0 performance of the RM code is better than that of the polar code for a code size of (64,57), the

situation is reversed when the code size is multiplied by four. This phenomenon had earlier been demon-

strated in [Arı08b].
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Figure 5: Error rates for polar and RM codes of sizes (64,57) and (256,228) under BP decoding on a

BSPK channel.

2.8.3 Summary and conclusions

We have compared polar codes and RM codes under trellis-based ML decoding at short block-lengths.

One observation has been that, when the two codes differ for a given code size (N,K), the polar code

tends to have a significantly lower trellis complexity, while the RM code has a larger minimum distance.

The minimum-distance advantage of RM codes translates into better performance in their favor at high

SNR, although polar codes seem to perform slightly better at low SNR. In conclusion, the results do not

suggest that polar codes are a clear winner against RM codes at short block-lengths where ML decoding

is feasible.

A second issue addressed in the paper has been the investigation of the performance of polar codes

under BP decoding vs. ML decoding. BP decoders are suboptimal; however, they have complexity

O(N logN), while ML decoding has exponential complexity in N. So, one may make up for the deficiency

of BP decoding by using a polar code with a larger block-length. We demonstrate that, first of all, the

performance disadvantage of BP decoding relative to ML decoding is not too large to begin with (the

comparisons for P(64,57) code). Second, we demonstrate that, by increasing the block-length somewhat,

BP decoding can outperform the ML decoder (the comparison of codes of sizes (256,228) vs. (64,57)).

Finally, we demonstrated that at long block-lengths, where ML decoding is no longer feasible, polar codes

appear to be better than RM codes under BP decoding; it appears that the minimum-distance advantage

of RM codes over polar codes come into play at higher and higher EbN0 values as the block-length is

increased, which makes the minimum-distance a moot parameter in the comparison of the two codes, as

far as BER values of practical significance are concerned.

This research work has laid the groundwork for developing iterative coding schemes such as BTC

codes that use polar codes as component codes. Depending on the block-length of the polar code that

is used as a component code, one may use ML decoding (at short block-lengths) or BP decoding (at

long block-lengths). It is also possible to use an ML-decoded short RM code as one component and a

BP-decoded long polar code as another component. These are subjects for further research.

2.9 Two-dimensional polar codes

The material in this section summarizes the paper [AM09], which serves as a basis for further investiga-

tions within WPR4.

Recall that polar coding uses a construction that recursively transforms N independent copies of a

B-DMC W to obtain a second set of N binary-input channels {W
(i)
N : 1 ≤ i ≤ N} such that the symmetric

capacity terms I(W
(i)
N ) are near 0 or 1 for all but a vanishingly small fraction as N tends to infinity. The

construction is applicable for any block-length N = 2n for n ≥ 0. For practical lengths N, the polarization
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effect is not perfect and many of the channels W
(i)
N have symmetric capacities I(W

(i)
N ) that are far from

being polarized as shown in Fig. 6 for the case of a BEC with erasure probability 1
2
. The polar coding

method as presented in [Arı07] has a step-wise rate allocation algorithm, which allocates a rate of 0 or 1

to each subchannel W
(i)
N according as I(W

(i)
N ) is above a certain threshold or not. It is conceivable that the

code performance can be improved by a graded rate allocation so that each subchannel W
(i)
N is assigned

a rate from a larger set of possible rates. One convenient method of graded rate allocation is to consider

a two-dimensional (2D) array code, as we discuss in this part. For a self-contained treatment, we give a

brief review of polar code construction.
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Figure 6: Plot of I(W
(i)
N ) vs. i = 1, . . . ,N = 210 for a BEC with erasure probability 1

2
.

2.9.1 Polar code construction

For any n ≥ 0, N = 2n, and 0 ≤ K ≤ N, there exists a polar code with block-length N and dimension K,

denoted P(N,K). A polar code P(N,K) is a linear code over GF(2) with a generator matrix GP(N,K).
The matrix GP(N,K) is selected as a submatrix of GN = BNF⊗n, where BN is the bit-reversal operator and

F⊗n denotes the nth Kronecker power of F , according to a selection rule defined in [Arı07]. Although

the same GN is used for all B-DMCs, the selection rule for GP(N,K) is channel-specific. The selection

rule for the BEC is particularly simple and we will restrict the discussion here to a BEC with erasure

probability 1
2
.

As an example, let us consider the construction of a P(8,4) code for this case. First, we form the

generator matrix

G8 =





1 0 0 0 0 0 0 0

1 0 0 0 1 0 0 0

1 0 1 0 0 0 0 0

1 0 1 0 1 0 1 0

1 1 0 0 0 0 0 0

1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0

1 1 1 1 1 1 1 1





.
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Then the polar code selection rule in [Arı07] selects the generator matrix of P(8,4) as

GP(8,4) =





1 0 1 0 1 0 1 0

1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0

1 1 1 1 1 1 1 1



 .

The code P(8,4) maps data words u8
1 = (u1, . . . ,u8) to codewords x8

1 = (x1, . . . ,x8) via x8
1 = u8

1G8 where

the data words u8
1 are restricted to vectors over GF(2) such that u1 = u2 = u3 = u5 = 0. This is equivalent

to the usual viewpoint of encoding as the mapping x8
1 = (u4,u6,u7,u8)GP(8,4). When considering the

full vector u8
1, we refer to the subvector (u1,u2,u3,u5) as the frozen vector and to (u4,u6,u7,u8) as the

information vector. A vector u8
1 an admissible source vector for the code P(8,4) if its frozen part equals

the zero vector.

2.9.2 Product coding

A 2D coding strategy with polar coding is to select an information array U = (ui, j) such that each row of

U is admissible as an information vector for a particular P(N,K) code and each column is a codeword in

a specific set of block codes. For example, consider the case where U is a 4-by-8 array with each row an

admissible data vector for P(8,5) and the columns of U selected as codewords in the length-4 codes as

indicated in Table 1. An entry (N,K,d) in the table designates a code with block-length N, dimension K,

and minimum distance d. For example, (4,0,∞) designates a trivial code consisting of only the all-zero

codeword. The code (4,1,4) consists of two codewords 0000 and 1111. For example, an admissible

Table 2: Column codes for the 4-by-8 code example.

Column Code type

1 (4,0,∞)

2 (4,0,∞)

3 (4,0,∞)

4 (4,1,4)

5 (4,0,∞)

6 (4,3,2)

7 (4,3,2)

8 (4,4,1)

source array for this code is

U =





0 0 0 1 0 1 0 1

0 0 0 1 0 0 1 1

0 0 0 1 0 1 0 0

0 0 0 1 0 0 1 1



 .

This array is converted to a codeword array X = UG8 and tranmitted over 32 independent copies of

BEC(1
2
). Let Y denote the 4-by-8 received array at the channel output. Decoding is performed in inter-

laced row and column operations. The decoder knows that the first three columns of U are fixed to zero.

So, it sets the estimates of these columns to zero: ûi, j = 0 for 1 ≤ i, j ≤ 3. The actual decoding task

begins with the fourth column of U , which is the first column containing information. First, independent

row-by-row decoding operations are carried out to generate the estimates ũi,4, 1 ≤ i ≤ 4, for the elements

of the fourth column; this decoding step ignores the constraints imposed by the (4,1,4) code checking on

the 4th column, using only the constraints imposed by the polar code. A successive cancellation (SC)

decoder is suitable for this task. Next, ũi,4, 1 ≤ i ≤ 4 are used by an ML decoder designed for the (4,1,4)
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column code to generate the final decisions ûi,4, 1 ≤ i ≤ 4 for the fourth column. Next, the decoder moves

on to the 5th column, which is a column frozen to zero. So, the decoder sets ûi,5 = 0 for 1 ≤ i ≤ 4 and

moves over to column 6. Column 6 is not a frozen column; so, a decoding operation similar to the one on

column 4 is carried out. Similarly, columns 7 and 8 are decoded, and the decoding task is finished.

Table 3: Erasure probabilities for the 4-by-8 code

Code type

Column index j (4,4,1) (4,3,2) (4,1,4) (4,0,∞)

1 1.0E+000 1.0E+000 9.8E-001 0

2 8.8E-001 8.8E-001 6.0E-001 0

3 8.1E-001 8.0E-001 4.3E-001 0

4 3.2E-001 2.2E-001 1.0E-002 0

5 6.8E-001 6.6E-001 2.2E-001 0

6 1.9E-001 9.0E-002 1.3E-003 0

7 1.2E-001 3.9E-002 2.2E-004 0

8 3.9E-003 4.6E-005 2.3E-010 0

The performance of this code on BEC(1
2
) can be estimated using Table 2.9.2. This table lists the

erasure probabilities for various bits of the array code. The entries under the column (4,4,1) relate to the

case where effectively no column code is used; the entries in this column equal the channel parameters

Z
( j)
8 obtained by the recursion

Z
(2i−1)
2k = 2Z

(i)
k −

(
Z

(i)
k

)2

Z
(2i)
2k =

(
Z

(i)
k

)2

for 1 ≤ i ≤ k, starting with Z
(1)
1 = 1. The parameter Z

( j)
8 can be interpreted as the erasure probability as

seen by a SC decoder in decoding the jth bit of a polar code P(8,8) on a BEC(1
2
), as explained in more

detail in [Arı07].

In general we will denote an entry of this table by Z( j, ℓ), where j indexes columns of the 2D code-

word and ℓ indexes the type of candidate column codes that may be used. E.g., Z(5,1) = 6.8 ·10−1 and

Z(2,3) = 6 ·10−2. The entry Z( j, ℓ) is interpreted as the erasure probability at the decoder output for any

designated bit of the ℓth code. For example, we have

Z( j,2) = Z( j,1)(1− (1−Z( j,1))3),

which is the probability that a designated bit of the (4,3,2) code is erased (when used on column j) and at

least one other bit is also erased, so that the decoder cannot recover the erasure in the designated bit.

If we denote the parameter of the actual column code selected for use in the jth column by (Nℓ j
,Kℓ j

,dℓ j
),

then the block-error rate (BLER) Pe for the overall code is bounded as

Pe ≤
N

∑
j=1

K jZ( j, ℓ j).

The overall coding rate is given by

R =
1

N

N

∑
j=1

Kℓ j

Nℓ j

.

For example, consider the case where the column codes are assigned as in Table III. The rate of the array
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Table 4: An assignment of column codes for the 4-by-8 case

j (Nℓ j
,Kℓ j

,dℓ j
) Kℓ j

/Nℓ j
Z( j, ℓ j)

1 (4,0,∞) 0 0

2 (4,0,∞) 0 0

3 (4,0,∞) 0 0

4 (4,1,4) 0.25 1.0E-2

5 (4,0,∞) 0 0

6 (4,3,2) 0.75 9.0E-2

7 (4,4,1) 1 2.2E-4

8 (4,4,1) 1 2.3E-10
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Figure 7: Block error rates for various array codes on a BEC( 1
2
).

code is then R = 1 and the BLER is bounded roughly by 1.0E-1.

Figure 1 shows simulation results for three array codes. We note that the 2D 4× 256 array code

achieves significantly better performance than the 1D 1× 256 ordinary polar code. This proves that the

effectiveness of the graded rate allocation.

It is natural to compare the performance of the 4× 256 code with that of the 1× 1024 polar code.

This comparison shows that the two codes perform roughly the same and also have roughly the same

complexity. Recall from [Arı07] that the complexity of SC decoding of a polar code of length N is

O(N logN). The decoding complexities of the codes in Table 1 are bounded by a constant c independent

of N. So, a 2D code with size 4×N/4 has decoding complexity approximately O(N logN) as does the

1×N polar code.

The performance may be improved by using more powerful column codes. Figure 2 gives simulation

results for array codes for which the column codes available are selected from codes with parameters

(8,8,1), (8,7,2), (8,4,4), (8,1,8), and (8,0,∞).

In conclusion, we have shown that 2D array coding with a graded rate allocation is an effective method

for improving the performance of polar coding.

2.10 Are Reed-Muller codes capacity-achieving codes under ML decoding?

Although Reed-Muller (RM) codes are one of the oldest codes in coding theory [Ree54], [Mul54], it is

not known if these codes are capacity-achieving codes under ML decoding. This issue does not appear to

have received much attention in the past. There is strong motivation to study this problem in connection
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with polar codes since RM coding and polar coding are closely related.

At present, we know that the successive-cancellation decoding algorithm that is capacity-achieving

for polar codes fails to achieve capacity if applied to RM codes. However, there is not yet any strong

evidence to believe that RM codes will not be able to achieve channel capacity under ML decoding. If

RM codes were proven to be capacity-achieving, this would be an enormously significant result. So, we

include this problem in our work agenda.

2.11 Summary and Planned Collaboration

We have identified above a number of highly novel research challenges for partners in the polar coding

task. One of the central problems appears to be the generalization of channel polarization notions and

methods to channels with real or complex input alphabets. On this challenge, three partners have already

contributed material to this document and we foresee collaboration developing around this subject.

A second research area is the development of more effective code construction and decoding methods

for polar codes over the binary field. Two partners have already contributed material to this report on

this subject. We also see some joint research work emanating from the already proposed topics as we go

forward.

Among other modes of collaboration, we may cite that a number of software simulation tools have

already been shared among the partners through a web site on polar coding that was set up expressly

for this purpose: http://polar.ee.bilkent.edu.tr/portal/. Similar tools will be made available through the

NEWCOM++ portal to a larger group of users.

Since polar coding is a new research topic, at the moment we do not have any joint papers on the

subject by WP4 partners. The main joint work until now has been open sharing of ideas and setting up a

joint research agenda. We believe joint papers will be a natural outcome as we move forward.
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3 JOINT RECEIVERS

3.1 Introduction

In digital communication systems, the physical channel disturbs the transmitted signal in several ways.

Channel coding is used to add redundancy to the information sequence in order to protect it against the

distortion introduced by the channel. The receiver, however, needs to perform more tasks than channel

decoding. Offsets in timing, carrier phase and frequency may occur between transmitter and receiver due

to mismatches and instabilities of the respective oscillators. Before decoding, accurate synchronization is

of particular importance as even small mismatches can severely degrade the system performance in terms

of bit error rate (BER).

When considering wireless communication, both transmitter and receiver are surrounded by reflec-

tors. Their presence creates multiple propagation paths that the transmitted signal is able to traverse. As a

result, the receiver sees the superposition of multiple copies from different fading paths. This superposi-

tion can be constructive or deconstructive, since each signal copy may experience different attenuations,

delays and phase offsets. Mathematically, the fading effect from the physical channel is usually modeled

as a set of complex random variables, which are unknown to the receiver.

All these uncertainties lead to an extremely high complexity of optimal (in terms of e.g. bit or block

error rate) receiver structures. Denoting the (coded or uncoded) transmitted data as x, the received signal

as y, and the unknwon parameters as θθθ , and assuming statistical independence of x and θθθ , the optimal

decision (in terms of block error rate) would be

x̂ = argmax
x

p(x|y) = argmax
x

p(x)
∫

Θ
p(y|x,θθθ) p(θθθ)dθθθ . (1)

Since the set of possible transmitted vectors is discrete, this is an NP hard problem, and the optimal

receiver would have to perform a brute force search.

Due to the constraints on implementation complexity, conventional designs separate the receiver into

two parts, namely inner and outer receiver. The task of inner receiver is to synchronize the receiver

and to estimate channel parameters. The outer receiver then uses these estimated parameters as if they

were the true value to optimally decode the information bits. In terms of (1) this means that the receiver

approximates the true parameter distribution by p(θθθ) ≈ δ (θθθ − θ̂θθ), which leads to the detection metric

x̂ = argmax
x

p(x)p(y|x,θ̂θθ). (2)

This type of receiver algorithm is called mismatched. In most scenarios, it will result in a significant

performance loss, because the uncertainty in the parameter estimate is neglected.

In order to perform synchronization and channel estimation in the inner receiver with reasonable

complexity, pilot symbols which are known to the receiver must be included at the transmitter side.

However, as the transmission of pilot symbols reduces the spectral efficiency of the system, it is desirable

to keep their number as small as possible. This becomes more difficult in the context of multiple antenna

transmission, since more unknown parameters have to be estimated than in single antenna transmission

scenarios. More importantly, the performance of the receiver is compromised by separating the receiver

into two parts, namely inner and outer receiver.

With the invention of turbo codes [BGT93], iterative receivers have attracted more and more research

interests. As compared to non-iterative receiver structures, such systems are capable of achieving a cer-

tain BER at significantly reduced signal-to-noise ratios (SNR). The basic idea is that soft information

is exchanged not only between constituent decoder components but also between other modules of the

receiver in accordance with the so-called turbo principle. With the aid of these soft symbols, parameter

estimates are generated and subsequently used to compensate distortions in the received signal prior to

performing further decoding iterations. By doing so, the number of pilot symbols used for initialization

can also be reduced.

The focus of this section is the iterative information exchange between channel estimator and data

detector, which will be referred to as iterative channel estimation. In the following, a brief overview of
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the channel estimation algorithms that have been been proposed by the participants of this work package

will be given. Detailed descriptions follow in the next sections.

The line of work [TB05, TC07, CRMT08b] by Taricco et al. considers a space-time coded MIMO

transmission over a quasi-static, i.e., blockwise constant channel. Each packet consists of a preamble

Xp which is known to the receiver, followed by the payload data X. The key point of this work is that

instead of calculating explicit estimates Ĥ of the unknown channel matrix H, data detection is based on

the metric

X̂ = argmax
X

p(X|Xp,Y,Yp) = argmax
X

EH[p(Y|X,H)p(Yp|Xp,H)], (3)

i.e., the channel estimation is implicitly contained in the detection metric. This corresponds to using the

optimum receiver (1) instead of the mismatched receiver (2). However, the term “optimum” here only

refers to the optimal usage of the pilot symbols—the structure of the outer channel code is not taken into

account.

The focus of [MKF+09a] is also on pilot-aided channel estimation. It considers a multi-user system,

where each transmitter is equipped with a single transmit antenna, while the receiver has several receiver

antennas. This setup is known in the literature as distributed MIMO because from the receiver’s perspec-

tive, it is similar to a MIMO transmission with multiple spatial data streams. The key difference to a

system with co-located transmit antennas is that these systems typically employ pilot symbol vectors that

are orthogonal across the transmit antennas (for example, when one transmit antenna sends a pilot symbol,

all other transmit antennas remain silent). This way, the subchannels from the different transmit anten-

nas to each receive antenna can easily be separated. In the multi-user system considered in [MKF+09a],

the pilot symbols from the different users are assumed to be non-orthogonal, which leads to co-channel

interference. The paper proposes an iterative channel estimation based on the Variational Bayes (VB)

framework, which can be interpreted as a generalization of the well-known Expectation-Maximization

(EM) algorithm, the key difference being that the VB framework estimates posterior distributions of all

unknown variables instead of calculating point estimates. The proposed algorithm iteratively first updates

the channel estimate of the desired user, based on the current channel estimate of the interfering user, and

then updates the interfering user’s channel estimate.

Another generalization of the EM algorithm, the Space Alternating Generalized EM (SAGE) algo-

rithm, is used in [PKPR09] for joint multiuser detection and channel estimation in an asynchronous

DS-CDMA system. In the SAGE framework, both the parameter vector θθθ and the vector x of hidden

variables are partitioned into smaller groups {θθθ k,xk}. In each iteration, the estimates of only one group

of parameters are updated, conditioned on the current estimates of the other parameters. In the system

considered in [PKPR09], the hidden variables are the transmitted data symbols, while the unknown pa-

rameter vector consists of the complex channel gains and the time delay of each user. The authors propose

to implement the (analytically intractable) expectation step by means of a Gibbs sampler, which belongs

to the family of Markov Chain Monte Carlo (MCMC) techniques.

In [Sch08], Schmitt has developed a unified framework for systematically deriving complete and

practically implementable iterative receiver structures. The key idea is based on the equivalence of the

ML sequence detection problem to an unconstrained estimation problem for the log-probability ratios.

Using this equivalence it can be shown that the complete structure of the receiver, performing the tasks of

channel estimation, demapping and decoding, is the solution of a joint ML parameter estimation problem.

All the approaches mentioned above have been studied and debated within the work package. In the

following subsections, more background information and results about these approaches will be given.

Finally, some of the ongoing and future plans of the work package on this topic will be outlined.

3.2 Optimum receiver approach

A typical scenario for multiple-input multiple-output (MIMO) radio communication systems assumes a

channel changing so slowly that an entire frame can be transmitted without any appreciable variation in

channel characteristics. If this assumption (also known as block or quasistatic fading channel) is valid,
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the system performance can be enhanced if the receiver is made aware of the so-called channel state

information (CSI), i.e., the realization of the random fading gains affecting the transmission paths from

each transmit to each receive antenna. To this purpose, a portion of the transmitted frame may consist of

pilot symbols, whose composition is known to the receiver and is used by the latter to estimate the channel

parameters. Due to noise and to the finite number of pilot symbols in a frame, the channel estimate is

not perfect. The optimum receiver for flat fading MIMO channels proposed in [TB05] does not assume

perfect CSI at the receiver. It "implicitly" estimates the channel with the primary goal to decode the

transmitted code words. The basic idea is to reformulate the MAP decision metric as follows:

X̂ = argmax
X

Pr(X|Y,YP,XP)

= argmax
X

p(Y,YP,X,XP)

p(Y,YP,XP)

= argmax
X

Pr(X)Pr(XP)

p(Y,YP,XP)
p(Y,YP|XP,X)

= argmax
X

EH[p(Y,YP|XP,X,H)]

= argmin
X

− lnEH[p(Y|X,H)p(YP|XP,H)], (4)

where X,Y,XP, and YP denotes the transmitted (space-time) codeword matrix, the received codeword

matrix, the transmitted matrix containing pilots, and the received matrix containing pilots, respectively.

Note that the pilot and data symbols do not interfere due to the flat fading assumption. In equation (4), we

(i) applied Bayesian rule, (ii) assumed equally likely transmitted codewords, and (iii) used the fact that Y

and YP are independent conditioned on XP,X, and H. Note that there are no approximations in equation

(4) and thus it is equivalent to the MAP criterion.

The expectation value in (4) can be easily evaluated for Gaussian channels by solving a multidimen-

sional Gaussian integral [TB05]. It should be noted that the resulting decision metric depends on the

statistics of the propagation channel. Thus, the optimum receiver assumes channel distribution infor-

mation (CDI). However, the statistics of the channel changes much slower than the channel realizations

itself, so that CDI is much more realistic than CSI. CDI can be obtained by using sample averages during

a preliminary training phase. During the training phase, the receiver operates as mismatched receiver.

When a sufficient number of blocks is available to estimate the statistics of the channel, it switches to the

optimum receiver.

The approach in [TB05] has been extended recently to more general channel models. In [TC07],

the authors assume separately correlated Rician fading. In [CRMT08b], the optimum receiver has been

extended to the wideband case assuming separately correlated Rician fading.

An important issue for the optimum receiver is complexity, in particular for more advanced channel

models. Complexity reduction can be obtained as follows:

1. Rewriting the resulting expression in equation (4) as a sum of metric branches. This allows for a

trellis based implementation for the optimum receiver [TB05, TC07, CRMT08b].

2. Projecting onto dominant eigenspaces when the eigenvalues of the correlation matrices of the chan-

nel decay sufficiently fast. This method turned out to be extremely efficient for the wideband

case where the matrix which models correlation between the several carriers becomes very large

[CRMT08b]. A detailed analysis of this method can be found in [CRMT08a].

Figure 9 and 10 show simulation results for the optimum wideband receiver obtained from [CRMT08b].

The blocks that compose the transmitter are compliant with the 802.11n draft 2.0 standard. The number

of subcarriers is nF = 117. The random bit stream is fed into a binary convolutional encoder with stan-

dard generator polynomials, g0 = 1338 and g1 = 1718, of rate R = 1/2. Coded bits are modulated with

QPSK and Gray mapping. Complex QPSK symbols are pairwise (since the presence of STBC) mapped

on the data subcarriers. For every subcarrier k the standard STBC maps each pair of symbols (xk,1 xk,2) to
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a 2×2 matrix (Alamouti code) to be transmitted by the nT = 2 transmit antennas. We choose to transmit

the maximum amount of bits (208 of data plus 6 of tail and 2 of padding) contained in one OFDM symbol.

Hence, each subcarrier matrix has length N = 2. The data symbol matrix is preceded by a unitary pilot

symbol matrix of the same length.

Simulations are carried out for the mismatched and the optimum receivers; the genie receiver has been

considered as an ideal reference. We consider a zero mean channel, with correlation between subcarriers,

in absence/presence of spatial correlation at the transmitter and the receiver. Transmit and receive corre-

lation matrices T and R are given according to the exponential model: Ti j = ρ j−i
T /nT and Ri j = ρ j−i

R /nR.

The correlation between carriers is modeled as follows:

(F)i j =




√

1+

(
|i− j| ∆ f

∆ fc

)2




−1

(5)

where ∆ f = 312.5 kHz is the separation between carriers set by the standard and ∆ fc = 10 MHz is the

coherence bandwidth of the channel. mF denotes the number of eigenvalues taken into account fot the

matrix F.

It can be noticed that taking into account the mF = 4 largest eigenvalues for the matrix F is not enough,

we have a penalty and diversity loss. The curves for mF = 8 and mF = 16 are overlapping, which implies

that mF = 8 eigenvalues are enough. There is a 0.7 dB loss from the genie receiver, and more than 3 dB

gain from the mismatched receiver. Moreover, it can me noticed that spatial correlation introduces 2.5 dB

performance degradation.
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Figure 9: FER vs. SNR of the MIMO-OFDM system with ρR = ρT = 0.0. Genie, mismatched, and

optimum (mF = 4,8,16) receivers.

3.3 The Divergence Minimization Principle

The Divergence Minimization (DM) principle was first proposed by Hu et al. in [HLR+08] as an ap-

proach for joint multiuser decoding for coded CDMA. The DM principle, which is closely related to
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Figure 10: FER vs. SNR of the MIMO-OFDM system with ρR = ρT = 0.7. Genie, mismatched, and

optimum (mF = 4,8,16) receivers.

the variational Bayesian expectation-maximization (VBEM) algorithm [Bea03], is a systematic, holistic

framework for designing joint parameter estimation and decoding receivers. It is based on approximat-

ing the desired posterior probability distribution by an auxiliary model, which is iteratively updated by

minimizing the Kullback-Leibler (KL) divergence (also called information divergence or cross entropy)

of the auxiliary function with respect to the true posterior distribution. The auxiliary function is chosen

to factorize with respect to the different parameters, so that each of the factors is updated independently.

This process yields a sequence of estimates with non-increasing divergence, which typically convergence

to a high quality approximation to the true posterior probability. As a practical output of the formal

framework, an iterative algorithm taking into account all statistical parameters as well as code constraints

is obtained.

In the following, we will first formally describe the general DM framework, and some specific appli-

cation of it in practical scenarios will be illustrated later.

3.3.1 The DM Framework

Let ΦΦΦ be the vector of all the unknown parameters to be estimated at the receiver. At the receiver, an

observation vector r is available, and we define p(ΦΦΦ|r) as the joint posterior distribution of the parameters

given the observation. A direct maximization of p(ΦΦΦ|r) is usually too complex to be feasible, so the goal

is to find a feasible suboptimal solution.

To do so, an auxiliary distribution q(ΦΦΦ) of the unknown parameters is defined. We impose the condi-

tion that the auxiliary function factorizes as

q(ΦΦΦ) = ∏
i

qΦi
(ΦΦΦi), (6)

where ΦΦΦi denotes each of the unknown parameters to be estimated. This factorization will lead to an iter-

ative structure of the algorithm. In order to approximate the true posterior distribution, q(ΦΦΦ) is optimized
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so the KL divergence [CT91]

D
(

q(ΦΦΦ)
∣∣∣
∣∣∣p(ΦΦΦ|r)

)
,

∫
dΦΦΦq(ΦΦΦ) log

q(ΦΦΦ)

p(ΦΦΦ|r) (7)

is minimized. Specifically, the divergence is optimized alternatively with respect to each of the factors

while the rest are kept fixed, which results in the iterative optimization algorithm.

As a consequence of the framework’s formulation, some important properties can be highlighted.

First, since the divergence is minimized in each step of the algorithm, it is guaranteed that the divergence

will be non-increasing over the different iterations and, thus, the algorithm is guaranteed to converge in the

divergence. Second, the factors qΦi
(ΦΦΦi) of the auxiliary function q(ΦΦΦ) can be seen as approximations of

the posterior distribution of each of the parameters, i.e., qΦi
(ΦΦΦi)≈ p(ΦΦΦi|r). Finally, it is worth remarking

that since the framework is based on the inference of probability distributions, rather than point estimates

of the parameters. Since the covariance of the estimates are also updated in each updating step, the quality

of the estimates is inherently taken into account in the algorithm, and this represents an advantage over

most of the state-of-the art receivers.

In the following, and to illustrate the application of the DM framework to different scenarios, two

specific applications are shown. These are part of ongoing research on applying the DM framework to

MIMO-OFDM systems, have been discussed in the NEWCOM++ WP4 meetings, and have been submit-

ted to international conferences in [MKF+09a, MKF+09b, KM+09].

3.3.2 Application of the DM framework to channel estimation with overlapped pilots

In the first application [MKF+09a], we apply the DM framework to the problem of MIMO pilot-based

channel estimation with overlapped pilot patterns. In this scenario, two or more synchronized transmitters

send their pilot signals in the same time-frequency resources, thus making it complicated for the receiver

to estimate the different channels.

In order to apply the DM framework to this scenario, we define the set of parameters to be estimated

as ΦΦΦ = {h1, . . . ,hM,σ−2
w }, where hm denotes the channel coefficients from the mth transmitter, and σ−2

w

is the inverse of the noise-plus-interference variance. In this scenario, the factorization in (6) reads

q(ΦΦΦ) = qσ−2
w

(σ−2
w )

M

∏
m=1

qhm
(hm). (8)

Such a factorization leads to a solution in which each of the channels is alternatively updated, as well as

the update performed on the noise-plus-interference variance value. The updates of the channels consists

on an interference cancellation step on the pilot signal, in which the contribution of other transmitters

in the pilot positions is subtracted, and an MMSE filtering of the interference-free pilot signal. Further-

more, the continuous update of the noise-plus-interference variance allows for a faster convergence of the

iterative algorithm.

The performance of the achieved channel estimator is evaluated in Figure 11 in terms of mean-squared

error of the estimates. The performance of the pilot-based MMSE filter is also shown for comparison’s

sake. Two different channels are considered: the Indoor A channel, which has a low delay spread, and

the Typical Urban channel, which has much higher frequency selectivity. As it can be observed, the

performance of the DM channel estimator approaches that of the MMSE channel estimator with sufficient

number of iterations. The more frequency-selective the channel is, the more iterations are required before

achieving convergence. Furthermore, splitting the estimation into an interference cancellation step and

a filtering step allows a significant complexity reduction of the estimation process as compared to the

MMSE estimation, since the computationally complex matrix inversions required in the latter can be

avoided.
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Figure 12: Considered MIMO-OFDM signal model, where d consists of contributions from multiple

antenna, which we assume independent. The assumed channel consists of OFDM modulation (which

is a multiplication with the inverse Fourier matrix), cyclic prefix (CP) extension to avoid inter symbol

interference, pulse shaping filter, and the receive filter, CP removal and OFDM demodulation. Also

included in the signal model are the interleaver π and the encoder.

3.3.3 Application of the DM framework to channel estimation and multi-user detection

The contributions of this section are closely related to ongoing research, see [KM+09, MKF+09b]. We

apply the DM framework to joint multi-user detection/decoding and channel estimation. The system

considered is MIMO-OFDM system with a time- and frequency selective channel.

The parameters of interest are ΦΦΦ = {H,d1, . . . ,dK ,ΛΛΛ}, where H is the complex MIMO channel matrix,

dk is the codeword from transmit-antenna k, K is the number of transmit antennas and ΛΛΛ is the precision

matrix for the estimates. The matrix ΛΛΛ is given by the inverse of the noise and interference covariance

matrix.

We consider the following signal model, see Fig. 12: the received vector r contains contributions

from all receive antennas

r = Hd+w, w ∼ C N (0,Iσ 2), (9)

where d = [d1 . . .dK ]. We apply the DM framework by imposing the following factorization of the auxil-

iary function, see (6):

q(ΦΦΦ) = q(H)q(d1) . . .q(dK)q(ΛΛΛ). (10)

By performing the minimization of the Kullback-Leibler divergence D(q(ΦΦΦ)‖p(ΦΦΦ|y)), we obtain an itera-

tive structure with sequential interference cancellation. Dictated by the framework a-posteori distributions

are passed between all blocks. See Fig. 13 for the structure of the obtained receiver.

The expectation of the estimate of the channel distribution q(H) have the structure of an MMSE

channel estimator. Furthermore, in the calculation of the expectation q(H) a penalty term is included,
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matrix estimation and sequential multi-user decoding.
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Figure 14: Typical urban channel profile, 10 channel tabs. 2x2 MIMO system. a) Bit error rate perfor-

mance of the DM receiver and the LMMSE receiver after convergence (10 iterations). b) BER of the two

receivers across 10 iterations, see also [KM+09]

which can be directly linked to the uncertainty on the data symbols after data detection and decoding.

The update of the expectation of each codewords distribution q(dk) has the structure of a matched

filter with an additional penalty term due to uncertainties on the detected data from the other transmit

antennas and the uncertainty on the channel estimates. The detector is followed by an interleaver and a

single user decoder. The decoding can for certain codes be directly included in the DM framework.

Furthermore, the update of the precision term q(ΛΛΛ) provides a way of estimating the noise and inter-

ference on a current estimate, and thus increase the performance of the next. It was shown in [HLR+08],

that inclusion of estimation of this term increased the performance of the receiver.

Fig. 14 show Monte-Carlo bit-error-rate simulations of the performance in a typical urban channel

profile.

3.4 Advanced Signal Processing Algorithms for synchronization of Wireless Communication

systems

3.4.1 Introduction

Traditional wireless technologies are confronted with new challenges in meeting the ubiquity and mo-

bility requirements of cellular systems. Hostile channel characteristics and limited bandwidths in wire-

less applications provide key barriers that future generation systems must cope with. Advanced sig-
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nal processing methods, such as the expectation-maximization(EM) algorithm[DLR77, NP96, PC07,

DCP07, CPD06], the space alternating generalized expectation maximization(SAGE) algorithm [FH94,

PS99, KF03, KLF07], the Kalman filters and their extensions[SCP04], Markov Chain Monte Carlo

(MCMC)[DW05, BZS06b] and sequential Monte Carlo (SMC) techniques[PS99, PCMN06, LC98], stochas-

tic approximation algorithms, sphere decoding and convex relaxation techniques (semidefinite relax-

ations) for detection, in collaboration with inexpensive and rapid computing power provide a promising

avenue for overcoming the limitations of current technologies. Applications of advanced signal process-

ing algorithms mentioned above include, but are not limited to, joint/blind/sequence detection, decoding,

synchronization, equalization as well as channel estimation techniques employed in advanced wireless

communication systems such as OFDM/OFDMA, Space-Time-Frequency Coding, MIMO, CDMA and

with Multi User Detection, Time- and Frequency-Selective MIMO Channels [XLG07, X. 98, DP02, P. 04,

DCP07, DCP08, I. 06, HW07]. Especially, the development of suitable algorithms for wireless multiple-

access systems in non-stationary and interference-rich environments presents major challenges to us.

While considerable previous work has addressed many aspects of this problem separately, e.g., single

user-channel equalization, interference suppression for multiple access channels and tracking of time

varying channels, the problem of jointly combatting these impairments in wireless channels has only re-

cently become significant. On the other hand, the optimal solutions often present a prohibitively high

computational complexity, impeding thus their implementation. The statistical tools offered by the ad-

vanced signal processing techniques above have provided a promising new route for the design of low

complexity signal processing algorithms with performance approaching the theoretical optimum for fast

and reliable communication in the highly severe and dynamic wireless environment.

Although over the past decade such methods have been successfully applied in a variety of communi-

cation contexts, many technical challenges remain in emerging applications, whose solutions will provide

the bridge between the theoretical potential of such techniques and their practical utility.

3.4.2 Main knowledge gaps

Key knowledge gaps here concern:

(i) Theoretical performance and convergence analysis of these algorithms;

(ii) New efficient algorithms need to be worked out and developed for some of the problems mentioned

above;

(iii) Computational complexity problems of these algorithms when applied to on-line implementations

of some algorithms running in the digital receivers must be handled;

(iv) Implementation of these algorithms based on batch processing and sequential (adaptive) processing

depending on how the data are processed and the inference is made has not been completely solved

for some of the techniques mentioned above;

(v) Some class of algorithms requires efficient generation of random samples from an arbitrary target

probability distribution, known up to a normalizing constant. So far two basic types of algorithms,

the Metropolis algorithm and the Gibss sampler have been widely used in diverse fields. But it

is known that they are substantially complex and difficult to apply for on-line applications. There

are gaps for devising new types of more efficient algorithms that can be effectively employed in

wireless applications.

(vi) Although the research on the sequential Monte Carlo signal processing has recently started, many

optimal signal processing problems found in wireless communications, such as mitigation of vari-

ous types of radio-frequency interference, tracking of fading channels, resolving multipath channels

dispersion, space-time processing by multiple transmitter and receiver antennas, exploiting coded
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signal structures represent few problem waiting for to be solved under the powerful Monte Carlo

signal processing framework.

3.4.3 An example: A Monte-Carlo Implementation of the SAGE Algorithm for Joint Soft Multiuser

and Channel Parameter Estimation

In this section we summarize the work on the receiver design for asynchronous CDMA systems which

perform joint channel coefficient and transmission delay estimation within the SAGE framework[FH94,

KF03, KLF07]. The implication of the Monte-Carlo method in the SAGE framework [DW05, BZS06a,

RC99] makes it possible to compute soft-data estimates for all users at polynomial computational com-

plexity, as well. The resulting receiver architecture works in principal fully blind and is guaranteed to

converge. A few pilot bits are inserted to resolve the phase ambiguity at the output of the Monte-Carlo

SAGE receiver. This is achieved as follows: The Monte-Carlo SAGE provides soft-data symbols which

are fed into a MMSE smoother (similar to the [WP99]) and a device that compares the phase of the pilot

symbols with the phase of the estimated symbols. The main novelties of the work are that the theo-

retical framework for the joint transmission delays and channel estimation as well as the data detection

algorithms can easily be extended to coded transmission. The resulting synchronizer can also manage to

operate within plus minus 10 dB amplitude range.

System model: asynchronous CDMA received signal model for K users

r = S(τ)Ad+w. (11)

Here, S(τ) contains the signature sequences of all the users S(τττ)=
[

S1(τ1), S2(τ2), · · · ,SK(τK)
]

where τk’s, k = 1,2, · · · ,K are the unknown transmission delays. A: The block diagonal channel matrix

given by A = diag{A1, · · · ,AK}. Ak is the channel matrix for user k, given by Ak = diag(ak, · · · ,ak)
where, ak: kth user’s channel coefficient ∼ N(0,σ 2

k ). τk, the kth user’s transmission delay, is assumed to

be uniformly distributed. Given the observation vector rrr, the ultimate goal of the receiver is to estimate

• the channel coefficients aaa = [a1,a2, · · · ,aK ]T and

• the propagation delays, τττ = [τ1,τ2, · · · ,τK ]T

• jointly, when the transmitted data vector ddd = [ddd1,ddd2, · · · ,dddK ]T is unknown.

Main motivation: The Maximum likelihood (ML) estimates of the unknown parameters (rrr,τττ) are

obtained by maximizing the likelihood function averaged over the data symbols dddk for k = 1,2, · · · ,K

(̂rrr, τ̂ττ) = argmax
aaa,τττ

Eddd{log p(rrr|aaa,τττ).}

The direct maximization of the averaged likelihood function can be quite complex or impossible analyt-

ically. However the lower complexity SAGE algorithm may be used to solve the complexity problem.

It typically converges to maximum ML solution. Let us choose the parameter vector as θθθ = {aaa,τττ}. At

iteration (i), only the parameters of user k, θθθ k = (ak,τk) are updated, while the parameters of the other

users θθθ k = θθθ\θθθ k are kept fixed. Expectation (E)-Step and the Maximization (M)-Step are expressed as

follows:

• E-Step computes the objective function

Q(θθθ k | θθθ (i)) = Eddd

{
log p

(
rrr | ddd,ak,τk,aaa

(i)
k ,τττ

(i)
k

)
| rrr,aaa(i),τττ(i)

}
.
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• M-Step maximizes the objective function Q with respect to θθθ k to obtain the update

θ̂θθ
(i+1)

k = max
θθθ k

Q(θθθ k | θ̂θθ
(i)

)

θ̂θθ
(i+1)

k = θ̂θθ
(i)

k

After some algebra, the E-step of the SAGE algorithm is obtained as follows:

Qk(θθθ k|θθθ (i)) =
2

N0

L−1

∑
ℓ=0

a∗k(ℓ)Ψ(ℓ,τk)−
L

N0

|ak|2 −
1

σ2
k

|a2
k |

where,

Ψ(ℓ,τk) , ℜ
{

S
†
k(ℓ,τk)

(
d̃

[i]
k (ℓ)rrr−Ik

)}

and the interference term

Ik , ∑
j 6=k

a
(i)
j

(
S j(ℓ+1,τ

(i)
j )d̃

[i]
k, j(ℓ,ℓ+1)+S j(ℓ,τ

(i)
j )d̃

[i]
k, j(ℓ,ℓ) +S j(ℓ−1,τ

(i)
j )d̃

[i]
k, j(ℓ,ℓ−1)

)
.

And, d̃
[i]
k (ℓ), d̃

[i]
k, j(ℓ,ℓ+u) are the expectations taken over data ddd = [ddd1,ddd2, · · · ,dddK ]T , dddk = [dk(0),dk(1), · · · ,dk(L−

1)]T

d̃
[i]
k (ℓ) , E

{
dk(ℓ)|rrr,τττ(i),aaa(i)

}

d̃
[i]
k, j(ℓ,ℓ+u) , E

{
dk(ℓ)d j(ℓ+u)|rrr,τττ(i),aaa(i))

}
, for j 6= k

where dk(ℓ),dk(ℓ+u)∈ {−1,+1} and u ∈ {−1,0,+1}. We take derivative with respect to τττ and aaa,setting

the results equal to zero, and solving: it follows that

τ
(i+1)
k = argmax

τk

∣∣∣∣∣

L−1

∑
ℓ=0

Ψ(ℓ,τ)

∣∣∣∣∣ ;

a
(i+1)
k =

1

L+N0/σ2
k

L−1

∑
ℓ=0

S
†
k(ℓ,τ

(i+1)
k )

(
d

(nt)
k [ℓ]rrr−Ik

)
.

The main computational problem: Direct computation of the expectations above has an exponential

complexity. This very high complexity can be avoided by adopting the Markov chain Monte Carlo

(MCMC) statistical method which provides computationally efficient way to calculate the expectations.

The basic idea is first, generate a number of random samples DDD
(t)

, t = 1,2, · · · ,NT from the joint con-

ditional posterior distribution, P(DDD|rrr,τττ(i),aaa(i)). Then, approximate the expectation E
{

dk(ℓ)|rrr,τττ(i),aaa(i)
}

based on the samples of DDD
(t)

, by

E(dk(ℓ)|rrr,τττ(i),aaa(i)) ≈ (1/Ns)
Ns

∑
t=1

ξ (i)(DDD
(t)

).

Similarly, we can compute E
{

dk(ℓ)d j(ℓ+u)|rrr,τττ(i),aaa(i)
}

, based on the samples of DDD
(t)

by

E

{
dk(ℓ)d j(ℓ+u)|rrr,τττ(i),aaa(i)

}
≈ 1

Ns

Ns

∑
t=1

ξ (i)
(

DDD
(t)

)
.
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Figure 15: Performance in quasi-static Rayleigh fading: K = 8, Nc = 8, Lp = 4, L = 80, 5 stages.

Simulation Results: the asynchronous DS-CDMA system with the following parameters is consid-

ered: Number of Users: K = 8, the processing gain: Nc = 8 (i.e., system load η , K/Nc = 1) is consid-

ered, the blocks of size: L = 80 symbols are transmitted, Lp = 4, pilot symbols are embedded in each

block to determine the initial estimates aaa[0] and τττ [0]. We refer to this method as MMSE-separate detection

and estimation (MMSE-SDE). For comparison purpose, the SAGE-JDE scheme in for known transmis-

sion delays. We refer to these scheme as "SAGE-JDE, τττ known". The average bit-error-rate (BER) of

the proposed receiver is plotted versus the average effective SNR
L−Lp

L
γ̄k, γk , σ2

k /N0, k = 1, . . . ,K. The

number of stages in the receiver is limited to 5. Based on the simulation results summarized in Figure 1,

we conclude that (i) The initial MMSE-SDE scheme exhibits floor out for average effective SNR values

larger than 30 dB, indicating that the MMSE-SDE is not robust to high correlations between the users’

signature sequences. (ii) The proposed Monte-Carlo SAGE-JE scheme for unknown delay, "Monte-Carlo

SAGE-JE, τ̂ττ" and "SAGE-JDE, τττ known" perform roughly the same over the entire range of SNR. Both

schemes have a multiuser efficiency of roughly 1 dB over the entire range of SNR values.

3.4.4 General Conclusions

• Applications of advanced signal processing techniques, in collaboration with inexpensive and rapid

computing power, seem to very promising way to overcome the limitations of current technologies.

• The statistical tools offered by the advanced signal processing techniques have enabled us to design

several low complexity signal processing algorithms with performance approaching the theoretical

optimum for fast and reliable communication in the highly severe and dynamic wireless environ-

ment.

• However, more research are needed to come up with some novel solutions to narrow the knowledge

gaps that I mentioned in the beginning of my presentation.

3.5 Phase Noise Estimation

3.5.1 Introduction

Oscillator imperfections at the transmitter and receiver in a communication system give rise to random

perturbations in the carrier phase. The resulting phase of the received signal contains a time-varying term
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which is called phase noise. Phase noise reduces the system noise margin and increases the probability

of incorrect detection of data symbols, thereby considerably degrading the performance of digital com-

munication systems. Several carrier synchronization methods have been detailed in the first deliverable

DR.4.1. In this chapter we will consider two different approaches to the phase noise estimation prob-

lem. In a first (pilot-based) approach the basis expansion model (BEM) is used to approximate the phase

noise [BM07a, BM07b, BM08, BM09]. The second (non-data-aided) approach, exploits the statistical

properties of the phase noise process to obtain a phase estimate using Monte-Carlo (MC) sampling tech-

niques [PCM05, SDC+09]. Section 3.5.2 presents the phase noise estimation algorithm using the basis

expansion model. In section 3.5.3 the Monte-Carlo based estimator is discussed. The state of current

collaboration and future research scope is detailed in section 3.5.4. In the following, transmission over an

additive white Gaussian noise (AWGN) channel affected by Wiener phase noise is assumed.

3.5.2 Phase noise estimation using a basis expansion model

The phase noise process is represented using the basis expansion model [BM09]. In this model, a time-

varying function (Wiener phase noise in our case) is expanded as a linear combination of a set of basis

functions. Instead of estimating the phase directly, an estimate of the expansion coefficients is obtained

from pilot symbols. The phase estimate is then computed from these coefficient estimates. Because of

the lowpass nature of the phase noise, the higher-order basis functions are neglected in the expansion.

Hence, only a small number of expansion coefficients need to be estimated. Considering only the lower-

order coefficients introduces a phase noise modeling error which gives rise to an error floor in the BER

performance. Increasing the number of coefficients in the expansion reduces the error floor, but increases

the sensitivity to noise. In [BM09] the discrete cosine tranform (DCT) basis functions are used, and an

algorithm that estimates the corresponding DCT coefficients without requiring detailed knowledge about

the phase noise statistics is devised. Analytical and simulation results have shown that the performance

can be optimized by a suitable choice of the pilot symbol positions and the number of DCT coefficients

estimated.

3.5.3 Phase noise estimation using Monte-Carlo sampling

The approach from [PCM05] attempts to obtain the optimal maximum a posteriori (MAP) estimate of the

phase noise, without using any pilot symbols. When performing MAP estimation, the computation of the

a posteriori distribution typically involves integration/averaging over a complicated distribution, which

often defies an analytical expression for the estimate. The use of Monte-Carlo sampling to represent

the complicated distribution is a convenient way to avoid this complex operation. In the Monte-Carlo

framework a distribution is represented by means of samples (or particles) drawn from it. If a sufficient

number of samples are generated from the distribution, further processing can be performed using these

particles instead of the distribution and hence integration is no longer required. The use of Monte-Carlo

methods is further motivated by the Markov-type behaviour of the considered Wiener phase noise process.

3.5.4 Collaboration and future work

• In [SDC+09], which is a result of collaborative work between UGent and Kadir Has University,

several Monte-Carlo techniques were applied to AWGN channels affected by Wiener phase noise.

It turned out that there are two feasible Monte-Carlo approaches to tackle the phase noise problem.

The first one boils down to drawing samples from the a posteriori distribution of the symbols and

updating them in a recursive manner. The carrier phase trajectory is hereby tracked analytically.

This approach has previously been examined in [PCM05]. The other approach entails the sequential

sampling of the a posteriori carrier phase distribution. Substantial performance improvement was

found for both coded and uncoded transmission over an AWGN channel, as compared to phase

noise estimators using the extended Kalman filter with symbol decisions or pilot symbols.
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• Currently, collaborative research between UGent and Kadir Has University is focussing on the

extension of both the BEM and the Monte-Carlo estimation algorithms from single-carrier trans-

mission to multi-carrier transmission, more specifically to the orthogonal frequency division mul-

tiplexing (OFDM) scheme. Accurate phase noise estimation in OFDM systems is critical since

a time-varying phase destroys the orthogonality of the subcarriers and hence nullifies the advan-

tages of an OFDM system. The fact that OFDM is used in numerous international standards (e.g.

standards for DVB, WiMax, WLAN . . . ) further justifies research in this field.

• The BEM based estimate from [BM07a, BM07b, BM08, BM09] makes use of pilot symbols only.

The estimate can be iteratively improved in a decision directed set-up. By doing so, the observations

containing the unknown data symbols are also exploited. The phase estimates resulting from the

BEM based algorithm using pilot symbols can then be used to initialize the iterative algorithm. This

extension is particularly interesting for turbo coded transmission since the decoding process in this

case is already iterative. Collaborative work between UGent and PUT will focus on developing a

BEM based algorithm for joint iterative synchronization and decoding using turbo codes.

3.6 Information Geometry

3.6.1 Introduction

Iterative algorithms can be used to solve a large variety of signal processing and communication problems.

Especially iterative decoding and detection schemes received a lot of attention due to their excellent

performance, which is in fact often close to theoretical limits. Although often simple to implement, the

reason why iterative receivers feature excellent performance has not been well understood so far. Different

approaches, like extrinsic information transfer (EXIT) charts [tB01] or density evolution [DDP01] have

been considered but there exist no real breakthrough results.

Information Geometry [Csi75] is a mathematical theory that applies methods of differential geometry

to problems of statistics and probability theory. We plan to use information geometrical methods to gain

insight into iterative algorithms.

The underlying idea of information geometry is that probability distributions are considered as points

in a manifold. This manifold does not have the properties of a Euclidean space, nevertheless it is pos-

sible to define distances in terms of Kullback-Leibler (KL) divergence. Another important concept of

information geometry are projections, which find the point inside a submanifold closest to a given point

in the manifold. To compute these information geometric projections, a simple iterative algorithm called

alternating minimization [CT84] can be used.

In the following, we present examples for the application of information geometry to analyze itera-

tive algorithms, discuss ongoing collaborations within the NEWCOM++ framework and future plans for

cooperations.

3.6.2 Geometrical interpretation of iterative algorithms

The Blahut-Arimoto algorithm [Bla72, Ari72] for computing the capacity of arbitrary discrete mem-

oryless channels is an example of an iterative algorithm working with probability distributions. In

[MD04, NAD09], we used basic tools of information geometry to find an interpretation of this itera-

tive algorithm based on projections onto linear and exponential families of probability distributions. This

understanding allows for a reformulation of the Blahut-Arimoto algorithm as a proximal point algorithm.

It is shown that this version has an improved convergence rate compared to the initial algorithm.

Information geometry has been succesfully applied to the analysis of Turbo and LDPC codes [ITA04]

as well as to bit-interleaved coded modulation (BICM) systems [Muq01, MDdC02]. A proposal to ac-

celerate turbo decoders has been made in [ITA04] but appears infeasible in practice. An implementable

scheme to acceleration turbo-demodulation in BICM was made in [AND09] but yielded only moderate

gains.
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CNRS/L2S and VUT aim at reconciling the approach in [ITA04] and in [AND09] to arrive at accel-

erated versions of turbo decoding and turbo demodulation. Joint work will also be undertaken between

CNRS/L2S and VUT aiming at a better understanding of the relation between information geometry and

EXIT charts. More specifically, the information geometry interpretation of iterative algorithms concen-

trates on the convergence of the turbo process for a single channel realization and results in a rather

deterministic interpretation with respect to the channel values and noise samples in terms of LLRs. In

contrast, EXIT charts are based on an approximate statistical model of the LLRs, i.e., in some sense they

build on approximate distributions of the quantities (LLRs) on which information geometry is based. The

target of this work is to obtain an information geometry based interpretation of EXIT charts, as well as

statistical (with respect to channel coefficients) analysis of the convergence characteristics obtained by

information geometry.

3.7 Collaboration and Future Plans

The approaches previously mentioned have been presented and discussed inside the work package during

the meeting in Istanbul in January, and follow-up discussions have taken place after this. As a conse-

quence, the following topics for collaboration and future work have been identified:

• The optimum receiver structure is very attractive as it gives the best possible performance under the

required conditions. However, integrating the channel estimation in the calculation of the decoding

metric leads to a rather large computational complexity. In order to solve this problem, the channel

estimation and detection could be decoupled from the decoding, and apply iterative processing to

try to approach the same performance. The iterative processing could be defined by optimizing the

receiver according to a certain metric, as for instance the KL divergence. This structures will be

investigated, and the performance/complexity tradeoff of the optimum receiver with respect to the

DM approach will be evaluated.

• One of the most novel aspects of the DM approach is that the message passing between the different

modules is done in the form of probability distributions, and not point estimates. For instance, when

estimating the channel, a measure of the channel estimate covariance is also obtained. Inspired by

this method, the development of MIMO detectors which accept soft channel estimates as inputs

will also be studied, for instance how to integrate these soft estimates in the sphere detector.

• The relation between the DM approach and other iterative processing frameworks as the EM or the

SAGE algorithm are discussed in [HLR+08]. Specifically, it is stated that the SAGE algorithm can

be seen as a special case of the DM algorithm under certain conditions on the auxiliary function

(namely that the distribution of the parameters of interest factors and each factor is modeled as a

Dirac delta function). It is interesting to investigate more in depth which are the advantages and

drawbacks of both algorithms, and how the differences in performance depend on the scenarios

considered, assumptions made, etc.

• The DM approach provides a framework for formal optimization of the receiver processing. It

would be interesting to see how it relates to other framework, such as the sum-product algorithm in

factor graphs [KFL01].
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4 REDUCED COMPLEXITY DECODING

In this Section the summary of the ongoing and planned joint research on reduced complexity decoding

issues is presented. Section 4.1 gives the overview of the collaborative research between NOA/NKUA,

PUT and PoliTo/CNIT on reduced complexity decoding algorithms for turbo codes [BGT93, BG96]

and turbo trellis-coded modulation (TTCM) [RW98]. The collaborative work concerns new decoding

algorithms based on the simplification of the well-known optimal Log-MAP algorithm [RHV97]. The re-

search is motivated by the constant interest in employing turbo codes and TTCM in various future digital

communication systems due to their excellent performance. However, one of the challenges to take up

remains reduced-complexity decoding with negligible performance degradation as compared to the opti-

mal decoding. This issue is undertaken in the joint research of NOA/NKUA, PUT and PoliTo/CNIT. In

Section 4.1 the brief presentation of the results achieved so far within this collaboration is given and plans

for future research are indicated. The outcomes of this joint research in the first half of NEWCOM++

lifetime were published in [STPM09, PST+09, PSTM09].

In Section 4.2 the background, motivation and plans for joint research of a recently established col-

laboration between Bilkent/Kadir Has University and PUT are described. The joint work focuses on

space time turbo coded (STTC) systems [Jaf05, KSP+02] with low complexity equalization/decoding

algorithms and antenna selection.

Further sections document planned collaborations between the University of Cambridge and CNRS/ENSEA,

and between CNRS/L2S, PUT, VUT and Alcatel-Lucent.

4.1 Reduced complexity algorithms for decoding turbo codes and turbo trellis-coded modula-

tion

4.1.1 New algorithms investigated

A. Boyd approximations

In a recent publication [HKB08], the convex log-sum-exp (lse) function has been approximated using:

(i) A certain number of piecewise linear (PWL) approximation terms, and (ii) The max operation. As

shown in [HKB08], the exact number of PWL terms depends on the approximation error resulting from

the original bivariate lse function. In particular, the approximation error reduces in the order of
√

2
r2 ,

where r is the number of PWL terms.

We observe that the lse function with two arguments is equivalent to the max* operator used to decode

turbo codes in the so-called Log-MAP decoding [RHV97]. Consequently, the max* operator can be ap-

proximated using: (i) A small number of PWL terms; and (ii) The very simple max operator. Hence, novel

reduced complexity decoding algorithms can be obtained with near-optimal Log-MAP performance.

As shown in [HKB08], the max* operator can be expressed as

max∗(x1,x2) ≈ max(κ1x1 +λ1x2 + µ1, . . . ,κix1 +λix2 + µi) (12)

where κi, λi and µi are real positive values and i > 2. The best PWL approximations of the max* operator

with different number of terms are shown in Table 5. It is underlined that in case of turbo decoding, the

r = 2 approximation is identical to the Max-Log-MAP decoding.

B. The Two Largest (TL) values approach

The biggest drawback of the algorithm presented in Section 4.1.1 (A) (as it is also for Log-MAP)

is that the computation of the expression ln(exp x1 + · · ·+ exp xn), n > 2, which is necessary for both

turbo codes and TTCM, still requires successive application max* approximation (n-1) times. As it can

be expected, if we modify this algorithm and apply max* approximation less than (n-1) times we will

decrease overall computational effort of the algorithm. Therefore, to further reduce the complexity of

the modified Log-MAP algorithm, we propose to perform the simple approximation considering only the

two largest values within the decoding step. In other words, first find the two largest values of xi and
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Table 5: Best approximations of the max* operation using a certain number of PWL terms and the max

operation [HKB08]

No. of terms (r) Resulting max* approximation No. of max ops. Approx. error

2 max(x1,x2) 1 0.693

max(x1,
3 0.5 · x1 +0.5 · x2 +0.693, 2 0.223

x2)

max(x1,
4 0.271 · x1 +0.729 · x2 +0.584, 3 0.109

0.729 · x1 +0.271 · x2 +0.584,
x2)

max(x1,
0.167 · x1 +0.833 · x2 +0.45,

5 0.5 · x1 +0.5 · x2 +0.693, 4 0.065

0.833 · x1 +0.167 · x2 +0.45,
x2)

then, apply the single max* approximation only to these two values. We denote this approach as TL (Two

Largest).
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C. Max∗ approximation with n arguments (LM-n algorithm)

As it is known, the conventional Log-MAP algorithm makes use of the so-called max* operator

[RHV97]. To obtain the max* operator for more than two arguments, denoted with n, e.g. n = 3, the

following recursive formula is applied:

max∗(x1,x2,x3) = max∗(max∗(x1,x2),x3) (13)

Since the above formula has to be applied recursively for n > 2 arguments, it is intuitive to expect that

a max* approximation with n arguments may offer complexity reductions as compared with the conven-

tional Log-MAP decoding.

Motivated by the above, the following approximation for the max* operator with n arguments can be

applied:

max∗(x1,x2, . . . ,xn) = max(xi)+ ln(
2

n+1
· [n+(n−1) · exp(−z)]) (14)

where z is the absolute difference between the maximum value and the second maximum value among n

arguments of max* operator. The first term on the right hand side of (14) is the simple max operation. The

second term on the right hand side of (14) can be practically implemented with a correction function fc(.).
For a given value n, the curve of the correction function can be analyzed and approximated with several

values stored in small look-up table (LUT). For our computer-based simulations we have approximated

the correction function with eight values, as it is the case of the conventional Log-MAP decoding for

turbo codes. Hereafter, the Log-MAP algorithm using this novel approximation will be abbreviated as

LM-n.

4.1.2 Simulation results

A. Turbo codes

A 16-states turbo code is considered with coding rate equal to 1/2 and generator polynomials (1,

33/23) in octal form representing the feedforward and backward polynomials, respectively. An informa-

tion sequence (frame) of N=1000 bits is assumed, whereas the total number of transmitted frames is 105.

For the turbo interleaver, a pseudo-random interleaver is considered and at the receiver a maximum of

10 decoding iterations are performed. The modulation type is binary phase-shift keying (BPSK) and the

transmission channel is modelled to be the additive white Gaussian noise (AWGN) with the one-sided

noise power spectral density N0.

Typical turbo code performance evaluation results with the Boyd approximations depicted in Table

5 are illustrated in Figs. 16 and 17. As shown in Fig. 16, the r=5 approximation achieves almost

identical Log-MAP performance. The performance degradation of the r=4 approximation with respect

to the Log-MAP algorithm is less than 0.1 dB at BER of 10−5. The r=3 approximation has performance

degradation of approximately 0.1 dB at the same BER value. When scaling is used as in [VF00], it is

expected that all algorithms improve the BER performance. In particular, the scaling factor, denoted

with s, had the following values: (i) 0.65 for Max-Log-MAP; (ii) 0.9 for Log-MAP; and (iii) 0.85 for

the rest of the algorithms. Note that for a fair comparison, scaling has been applied in the Log-MAP

algorithm. As shown in Fig. 17, both the r=5 and r=4 approximations achieve essentially identical

Log-MAP performance. The r=3 approximation degrades less than 0.1 dB at BER of 10−5.

Typical turbo code performance evaluation results with the LM-n approximation as expressed in Eq.

(14) are illustrated in Figs. 18 and 19. In particular, two reduced complexity decoding algorithms have

been investigated. The first algorithm, denoted with LM-n max, assumes the max operator for forward

and backward, i.e. α and β , computation. The second algorithm, denoted with LM-n max*, assumes

the max* operator for forward and backward computations. This is because for these computations there

are always two arguments. For LLR, i.e. soft-output, computation both algorithms assume the simplified

max* operation with n arguments from Eq. (14).
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Figure 16: Turbo code BER performance with the best approximations of the max* operator and differ-

ent number of PWL terms, denoted with r. N=1000 bits, BPSK modulation, AWGN channel, and 10

iterations.
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Figure 17: As in Fig. 16 but with the extrinsic information scaled by a factor of s.
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Figure 18: Turbo code BER performance with the LM-n, Log-MAP and Max-Log-MAP algorithms.

N=1000 bits, BPSK modulation, AWGN channel, and 10 iterations.
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Figure 19: As in Fig. 18 but with the extrinsic information scaled by a factor of s.
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Figure 20: BER performance for the LM-r, LM-TL, Log-MAP and Max Log-MAP with N = 684

As shown in Fig. 18, the LM-n max* algorithm is approximately 0.05 dB inferior to Log-MAP

decoding at BER of 10−4. The LM-n max algorithm is approximately 0.25 dB inferior to the Log-MAP

decoding at the same BER value. The use of scaling [VF00] has also been investigated. The scaling factor

had the following values: (i) 0.65 for Max-Log-MAP; (ii) 0.9 for Log-MAP; (iii) 0.75 for LM-n max*,

and (iv) 0.7 for LM-n max. As shown in Fig. 19, the LM-n max* algorithm achieves essentially identical

Log-MAP performance. The LM-n max algorithm degrades approximately 0.1 dB at BER of 10−4.

B. Turbo TCM

We have investigated algorithms presented in Section 4.1.1 in the following scenario: parallel con-

catenated TTCM scheme with two rate-3/4 8-state Ungerboeck’s TCM encoders and M-ary quadrature

amplitude modulation (i.e. 16 QAM) in the AWGN channel. Simulation results are given for two S-

random interleavers with spreading factor S = 13 and sizes 684 and 5000 symbols, respectively. For each

algorithm the TTCM decoder performs 8 iterations.

In the Fig. 20 and 21 we have BER performance results for LM-r and LM-TL algorithms for the

smaller (N = 684) and bigger (N = 5000) interleaver sizes. To be precised, all the presented results for

the proposed algorithms are for r = 3 terms. For the comparison purposes we have also evaluated BER

performance for the Log-MAP and Max Log-MAP algorithms. As shown in the figures the proposed

algorithms have almost identical BER performance and are about 0.1 dB inferior to the optimal Log-MAP

decoding algorithm at the BER level 10−4. Further improvement of the BER performance is possible after

applying scaling of the extrinsic information [VF00]. More results (also with scaling and for r more than

3 terms) can be found in [STPM09, PST+09].

In the Fig. 22 and 23 we have BER performance results for the LM-n for both interleaver sizes N =

684 and N = 5000 respectively. Similarly to previous figures, curves performance for Log-MAP and Max-

Log-MAP are also depicted for the comparison purposes. As shown in the figures the proposed algorithm

are only about 0.05 dB inferior to the optimal Log-MAP decoding algorithm at the BER level 10−4 for

both interleaver sizes. This algorithm is also prone to scaling of the extrinsic information [VF00]. More

results, also with scaling, can be found in [PSTM09].

4.1.3 Complexity estimation

A. Complexity estimation for turbo codes

In order to ease hardware implementation, the r = 3 and r = 4 PWL approximations introduced in
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Figure 21: BER performance for the LM-r, LM-TL, Log-MAP and Max Log-MAP with N = 5000
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Figure 22: BER performance for the LM-n, Log-MAP and Max Log-MAP with N = 684
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Figure 23: BER performance for the LM-n, Log-MAP and Max Log-MAP with N = 5000

Table 6: Occupied area (square µm on a 130 nm standard cell technology

Metric Max- Log-MAP Proposed Proposed Constant Linear Average Ref. Ref.

represent. Log- r = 3 r = 4 Log-MAP Log-MAP Log-MAP [WYY06] [TSSA07]

MAP [GG98] [CO00] [CBD02]

8 bits 250.133 1022.72 653.57 883.53 599.11 978.34 1069.1 891.6 1137.7

10 bits 312.666 1276.888 831.08 1148.8 764.52 1264.8 1363.6 1135.7 1456.4

12 bits 373.182 1613.76 1006.6 1426.2 931.95 1559.3 1555.3 1377.7 1758.9

Section 4.1.1 (A) have been modified, respectively as

max∗(x1,x2) ≈ max [x1,0.5 · (x1 + x2 +1),x2] (15)

max∗(x1,x2) ≈ max [x1,0.25 · x1 +0.75 · x2 +0.5,0.75 · x1 +0.35 · x2 +0.5,x2] (16)

Synthesizable VHDL descriptions have been produced for the proposed max∗ approximations, as well

as for Log-MAP (eight entry LUT), Max-Log-MAP algorithm and max∗ approximations compared in

Section 4.1.1. In order to derive fair comparisons, the same area optimisation effort of the synthesis tool

must be guaranteed for all cases. To this purpose, although all considered implementations of the max∗

are pure combinational architectures, registers have been placed at the architecture inputs and output: this

allows setting a unique clock frequency constraint for all considered cases, fCK=200 MHz. Synthesis

results obtained in terms of area occupied by the combinational part on a 130 nm standard cell CMOS t

echnology are given in Table 6, for metrics represented with 8, 10 and 12 bits. These results show that

the proposed approximations have a very low implementation cost and outperform most of the previously

published methods, i.e. [CO00, CBD02, WYY06, TSSA07]. Particularly, the occupied area with r = 3 is

nearly 35% smaller than that required by the Log-MAP and it is only inferior to the Constant Log-MAP

algorithm by 8%. On the other hand, the proposed r = 4 approximation has comparable complexity with

the method in [WYY06] and outperforms [CO00, CBD02, TSSA07]. Note that the r = 5 approximation,

which is not shown in Table 6, occupies an area greater than that required by the Log-MAP.

The implementation of the r = 3 approximation is obtained in two steps. In the first step the sign of

the difference between the two inputs is used to select the maximum between x1 and x2. Concurrently,

in the second step the term 0.5 · (x1 + x2 + 1) is computed and a further subtracter/multiplexer couple is

used to obtain the final result (see Fig. 24). Similarly, the r = 4 approximation is made of two steps, the

first step is the same used in the architecture that implements the r = 3 approximation. The second step
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Table 7: Complexity comparison of decoding algorithms per decoding step in TTCM scheme

Algorithm LM LM-r LM-TL LM-n MLM

Additions 680 680 392 392 344

Multiplication 0 0 0 24 0

Comparisons 357 357 357 357 189

Bit shits 168 168 0 0 0

Conversion to integer 168 0 0 24 0

Assignment 233 281 269 269 173

Overall 1606 1486 1042 1066 706

is obtained observing that

0.25 · x1 +0.75 · x2 +0.5 = 0.25 · (x1 + x2)+0.5+0.5 · x2 (17)

0.75 · x1 +0.25 · x2 +0.5 = 0.25 · (x1 + x2)+0.5+0.5 · x1 (18)

As a consequence, the selection between these two expressions depends only on the two inputs. Further-

more, the two expressions share a common term that is computed only once by the means of two adders.

The second term is the maximum between the two inputs, that is the result of the first step multiplied

by 0.5. Thus it is added to common term by a further adder. Finally the maximum value is obtained

with a subtracter/multiplexer couple (see Fig. 24). It is worth pointing out that all the multiplications are

implemented as simpler hard-wired right shift operations.
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Figure 24: Architecture of the r = 3 and r = 4 approximations

B. Complexity estimation for turbo TCM

To evaluate the usefulness of all proposed algorithms: LM-r (r = 3), LM-TL and LM-n in the context

of their practical implementation, Table 7 depicts complexity comparison against the Log-MAP and Max-

Log-MAP algorithms. The table contains a summary of the required number of operations (i.e. additions,

comparisons, bit shifts, conversion to integer and assignment) per decoding step. In practice, to avoid

the operations of multiplication in LM-r, LM-TL and LM-n algorithms, the multiplications by 0.5 in

max* approximation have been realized as bit shifts operations. It can be noticed that the reduction of

the complexity of the LM-r, LM-TL and LM-n algorithms is about 7%, 35% and 34% as compared with

the Log-MAP algorithm, respectively. The application of the scaling factor in the considered algorithms

requires 8 additional operations (i.e. multiplications) per decoding step, which translates into only about

1% increase of complexity given in Table 7.
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Figure 25: Space time turbo encoder.

4.1.4 Future work

The collaborative research between NOA/NKUA, PUT and PoliTo/CNIT will address in the near future

essentially two groups of issues:

• Modifications of the SOVA algorithm aiming at improving its error performance for turbo codes

and TTCM without significant complexity increase. It is intended to consider both the bidirectional

and classical SOVA algorithms. Complexity estimation of the new algorithms will also be evaluated

for hardware and software implementations.

• Application of the algorithms from Section 4.1.1 and new modified SOVA algorithms to other

iteratively decoded schemes (e.g. serial concatenation of TCM) and their performance analysis in

fading channels.

Apart from the above mentioned joint research topics, it should be pointed out that discussions and inter-

actions between collaborating partners during the NEWCOM++ project lifetime also foster new insights

and research directions undertaken individually by the involved researchers.

4.2 Space time coded systems with reduced complexity receivers over frequency selective fading

channels

4.2.1 Space time turbo codes

The insatiable demand for high data rates and high link quality caused a broad research in new transmit

technologies. Nowadays the multiple input multiple output (MIMO) systems are commonly used in

the wireless transmission [Ton03]. Thanks to the MIMO systems it is possible to increase the rate of

transmission or improve the quality in comparison to one receive-transmit antenna systems. Recently

the space time turbo codes (STTC) [Jaf05, KSP+02] have been proposed as an alternative that integrates

space time code and turbo codes. Typically in such systems packet data transmission is used. We research

system consisting of nT transmit antennas and nR receive antennas. Data are transmitted over the Rayleigh

fading channel. As an encoder we use the binary space-time turbo trellis encoder or the space-time turbo

trellis encoder over ring ZM. Information bits input the recursive STTC encoder in the upper branch and

the interleaver, which is connected to the STTC encoder in the lower branch. Each the STTC encoder

operates on a block consisting of groups of m information bits. The block diagram of recursive STTC

encoder for M-ary modulation is shown in Figure 25 [HYCV04].
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Figure 26: Recursive STTC encoder for M-ary modulation.
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Figure 27: Space-Time Turbo Trellis Decoder.

Input sequence of binary vectors is transformed by the convolutional encoders shown in Figs. 25 and

26 into a coded sequence of the symbols which belong to the ring ZM . The coefficients in the encoder

structure (Fig. 26) are binary or are from to the same ring ZM. The memory cells are capable of storing

binary symbols. Multipliers and adders perform multiplication and addition respectively in the ring of

integers modulo-M.

We investigate different receiver structures. One of them is the receiver which uses the iterative

Soft Output Viterbi Algorithm (SOVA) [CXX99]. The structure of this receiver is shown in Fig. 27

[HYCV04].

In the receiver decoder 1 and decoder 2 (Fig. 27) use the iterative Soft Output Viterbi Algorithm

(SOVA) [CXX99]. It selects maximum likelihood path on the trellis diagram with a priori received

symbols probability taken into consideration. At the receiver side there are nR antennas. The signal

received by each antenna is demultiplexed into two vectors, denoted by and contributed by the Recursive

STTC 1 (upper) and Recursive STTC 2 (lower) encoder, respectively.

4.2.2 Space time turbo coded systems with reduced complexity receivers over frequency selective

fading channels

We now present the background, collaboration and future plans about simplified approaches for space-

time turbo coded transmissions over frequency-selective fading channels will be presented.
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Figure 28: Block diagram of iterative equalization/decoding for space time coded systems.

In high rate wireless transmission systems, frequency selective (FS) channel model is more common

than flat fading. When the transmission rates are increased by making the symbol periods smaller, the

wireless channels are more likely to become frequency-selective which results in intersymbol interference

(ISI) and hence increased error rates. ISI can be cancelled with the use of an equalizer [Pro00] which

may provide multipath diversity in wireless channels. Next generation communication systems can have

STC transmission over frequency selective fading channels [Ton03, VB03].

The major drawback of coded or uncoded transmissions over FS fading channels with single or mul-

tiple antennas is that the optimal receivers for them require prohibitively high computational complexity

which depends exponentially on the number of ISI taps and the number of transmit antennas. With the

motivation of reducing the hardware and software complexity of coded or uncoded single or multiple

antenna systems, several simplified approaches have been studied in the literature.

In the literature, there are many low complexity soft-input soft output MIMO equalizers which can

be used at the iterative receivers of space time coded systems (Figure 28) .

For example, with motivation of reducing the complexity of equalization over single or multiple

antenna frequency selective fading channels, a near-optimum soft-input soft-output stack algorithm is

proposed in [GD05]. It is shown that the soft input soft-output stack equalization with modified metrics

based on a previously designed soft-input soft-output stack detection algorithm [SM01] can be used at

the receiver of the space time coded systems over multiple antenna frequency selective fading channels.

The complexity of the receiver remains low while offering a bit error rate performance close to that of

the optimal BCJR algorithm. Unlike the MAP equalizer, the complexity of the new equalizers does not

depend on the memory of the channel, hence the soft-input soft-output stack equalizer are quite desirable

for channels with large ISI spans. Moreover, decision feedback equalization (DFE) is also well known

low complexity equalization technique based on minimizing the mean squared error (MSE), and it can be

extended to MIMO systems [ADS00, TAS01]. With the motivation of using DFE in coded systems over

ISI channels (or, frequency selective fading channels) as part of a turbo equalization scheme, an iterative

receiver with MIMO DFE can be designed [Guc06] in which the MIMO DFE is modified to utilize the

soft inputs from the decoder [MSPB01]. We would like to investigate the performance of MIMO iterative

DFE receivers with space time turbo coding especially with M-ary signalling.

In order to reduce the hardware and software complexity of multiple antenna systems, antenna selec-

tion [Mol03] has become a popular technique which requires only a few RF chains switched to selected

antennas. This can be highly effective in reducing the cost and the complexity of space time coded (STC)

systems especially over frequency-flat [GD07, GD08] and frequency-selective [GDG04] fading channels.

It has been shown that with antenna selection full diversity order can still be achieved when full rank space

time codes are used. When the space time codes are rank-deficient then the achievable diversity order

depends on the number of selected antennas. Even with channel estimation errors, antenna selection

does not degrade the achievable diversity order [GP08]. In our joint research, the performance of space

time turbo coding with transmit and/or receive antennas will be evaluated over frequency selective fading

channels (Figure 29) .
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Figure 29: Space time turbo coded systems with transmit and receive antenna selection.

In conclusion, during the WPR4 Istanbul meeting (January 2009), Bilkent/Kadir Has University and

PUT group have agreed to collaborate, and as a new project, we have decided to investigate space time

turbo coded (STTC) systems over frequency selective fading channels with low complexity equaliza-

tion/decoding algorithms and antenna selection. Furthermore, the effect of channel estimation errors,

channel correlation, performance comparison with STTC-OFDM systems, incorporation of iterative es-

timation and EXIT charts can also be considered in STTC over FS fading channels scenario. We believe

that our research will be helpful in the design of practical units for next generation high rate wireless

systems.

4.3 Applications of the Role Model framework to reduced complexity decoder design

In [Say08], the “role model” framework was developed for the design of an estimator that seeks to imitate

the output of an estimator with superior observations. This framework was developed specifically to

facilitate the design of reduced complexity receiver components in an iterative framework.

An optimal receiver component is designed using Bayesian theory without setting any constraints on

the complexity of its implementation. This often results in components that can be simulated but that are

too complex for practical implementation. A reduced complexity receiver component is often designed

heuristically by simplifying the mathematical function calculated by the optimal component. This leaves

much room for tuning and improvement of the reduced complexity component, but there is little theory

to guide this design phase.

The approach of the role model framework is to separate the component into a complexity reduction

stage, where the component is designed heuristically without the help of theory, and a post-processing

stage, where the output of the component is processed to optimize the performance. The post-processing

stage can be designed optimally using the role model framework and is proved to converge to a Bayesian

solution under the constraints posed by the choice of a reduced-complexity component.

In [Say08], no specific application to decoder design was tested and the method was illustrated

through hypothetical examples using simple channels such as binary symmetric and binary erasure chan-

nels. In [Say09], the measurement of EXIT functions for reduced complexity components was discussed

and the role model framework shown to work for the optimization of post-processing for binary LDPC

decoders. However, the application to binary decoders is of limited interest since many heuristic solutions

exist that are known to approach the optimal performance closely.

The real challenge lies in the application of the role model framework and associated EXIT chart mea-

surement for reduced complexity non-binary decoders such as the Extenderd Min-Sum [DF07, VDV+07].

A collaboration between FTW and CNRS/ENSEA has been initiated to test this application. This col-

laboration also includes an external partner from University of Bretagne Sud and, while the contact was

established through NEWCOM++, the collaboration is pursued in parallel within the FP7 STREP DA
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VINCI. Furthemore, due to personnel changes the collaboration will be transfered from FTW to the Uni-

versity of Cambridge that is expected to join NEWCOM++ as a new partner in July 2009.

The targeted impact of this action is to optimize the performance of the reduced complexity EMS

algorithm so as to bring it closer to the superior but complex sum-product algorithm. Since non-binary

codes are known to exhibit superior performance in particular in the short block length regime, they

are potentially of great relevance for applications and future standards. However, they have so far suf-

fered from the far greater complexity of the decoder operations that require the implementation of fast

Hadamard transforms. The reduced complexity EMS can go some way towards reducing the complexity

of the decoder, but its performance and complexity both depend on a design parameter that sets the length

of the reduced lists processed by the constraint nodes of the decoder. Choose this parameter too low and

the complexity drops as intended, but the peformance drops as well, thereby eradicating the advantage

of non-binary codes with respect to their binary equivalents. Choose it too high and the performance

is regained, but the complexity soon attains the same level as the optimal sum-product algorithm. The

role model approach proposed seeks to optimize the performance, so that the performance loss of the

low-complexity implementation with a small list size can be regained.

4.4 Log-likelihood processing

4.4.1 Log-likelihood ratio clipping

It can be desirable to restrict the log-likelihood ratios (LLRs) used in an iterative receiver to a certain

dynamic range (“LLR clipping”). One reason is the restriction imposed by finite word length representa-

tion. Another motivation is that the complexity of practical demappers like the soft-output sphere decoder

[SWBB06] can be strongly reduced by incorporating LLR clipping into the algorithm. The impact of LLR

clipping on the capacity of a non-iterative MIMO-BICM receiver is studied in [SFNM09]. It is shown

that rather small clipping thresholds do not have any impact on system performance. Furthermore, the

authors give an interpretation of LLR clipping in terms of an information geometric projection onto a

log-convex submanifold of probability distributions.

Discussions at the NEWCOM++ WPR4 meeting in Istanbul have led to the idea to combine the

information geometric interpretations of BICM-ID (see above) and LLR clipping. CNRS/L2S and VUT

will collaborate on this topic in view of studying the possibility of combining the information geometric

interpretations of LLR clipping and of the BICM-ID receiver in order to get insights into BICM-ID

systems where LLR clipping is applied.

4.4.2 Selective and modified LLR updates

LLRs convey reliability information about the corresponding bits. The results about LLR clipping suggest

that only a limited LLR range has actual impact on the iterative decoding process. It is therefore feasible

to stop updating LLRs whose absolute value exceeds a certain threshold and keep them constant for the

remaining iterations. As shown in [NHM08] in the context of multiuser detection this results in significant

reductions of receiver complexity.

In [AND09] the authors find a reformulation of the iterative BICM receiver as a hybrid minimum

entropy algorithm, which improves performance and accelerates convergence of the traditional algorithm.

This is achieved by modifying the LLR calculation in each receiver sub-block using a non-linearity.

Iterative BICM decoding can be regarded as a belief propagation algorithm on a factor graph. The

selective update method corresponds to a specific scheduling of the messages that are exchanged between

the graph nodes. The altered LLR calculation can be regarded as a modification of the messages.

The goals of CNRS/L2S and VUT in this area are to

• apply and analyze the selective LLR update method in the context of other iterative receivers

(BICM-ID, turbo-decoding, etc.);

• combine selective LLR updates with modified LLR calculations to accelerate the turbo iterations;
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• study the connection between information geometric interpretation and graphical model interpreta-

tion.

4.5 Optimization of the redundancy in channel coding and application to layered channel cod-

ing

During some previous work by CNRS, which will be reported during ICC 2009 [SD09], some results were

obtained about the transmission of scalable signals on Rayleigh channels using hierarchical modulation.

During this work, it was observed that it was sometimes more efficient to increase the redundancy used

in channel coding for correcting transmission errors by means of known ("pilot") bits mixed with the

information bits, rather than by decreasing the code rate.

This observation is the basis of the proposed cooperative work between CNRS/L2S, PUT, and VUT,

and with the cooperation of Alcatel-Lucent (affiliate N++ partner), which funded the first study.

The usefulness of these "pilot" bits was already observed in [CH93], but never really worked out,

since this very preliminary paper was published before the turbo-codes were invented, and it may well be

the case that this property is really useful only in this context. This question is part of the study.

The work can be decomposed in three steps:

1. Experimental study: checking the first results, and selecting the cases where this property holds.

This part will answer the following questions, first:

• What is the best redundancy allocation between pilot bits and the classical linear combina-

tions ?

• This question certainly does not have a unique answer, depending on the type of channel

(AWGN, Rayleigh) and of code (convolutive, recursive systematic, etc.). In particular, we

know that the pilot bits are not useful in LDPC’s.

• What is the best repartition of the pilot bits (equidistant, random locations ?)

2. Theoretical study:

• Performance analysis. The "pilot bits" change the values of two essential parameters in chan-

nel coding: the minimal distance between two codewords, and the distance spectrum. It is

still possible to evaluate these quanities, a fact which will explain (certainly) most of the

observations obtained in step 1.

• Complexity analysis. Since the proposed procedure amounts to suppress some choices in the

trellises used for channel decoding, the complexity reduces compared to the classical way of

working. A precise analysis of this reduction will be done, and means for turning them in

actual acceleration of the programs will be investigated (the resulting graph should remain

somewhat regular, otherwise it is likely that the programs will be too slow).

3. Finally, this process could lead to the proposal of "layered channel coding". The concept of "layered

coding" has already been studied, but it implicitly assumes source coding. If steps 1 and 2 above are

fruitful, there is a possibility that the whole process results in the proposal of layered channel codes,

which would be well suited for use in conjunction with scalable multimedia streams, a situation of

increasing practical importance.

Reference DR.4.2

53 / 62



216715 NEWCOM++ DR.4.2

5 CONCLUSION

This deliverable has presented the status of research within WPR4 after 18 months. The main research

achievements so far within the workpackage have been:

• the discovery of polar codes (Section 2) and the start of joint efforts within the workpackage to

investigate the practicality of this new technique, which the first constructive method to achieve

capacity in coding history;

• the development of novel phase noise estimation techniques (Section 3.5) based on a basis expan-

sion model and on Monte Carlo sampling;

• the invention of new reduced complexity algorithms for decoding turbo codes (Section 4.1).

Integration was achieved through two plenary meetings and several monitoring video conferences. A

number of joint research activities are being pursued on polar coding, joint receivers, and reduced com-

plexity implementation issues. Further events are planned to boost these activities and ensure that they

will bear fruit by the scheduled end of NEWCOM++. During the autumn/winter 2009, it is foreseen to

hold research retreats by topic where needed. These are not plenary events and offer an opportunity for

those working on a specific topic to meet, exchange ideas, and collaborate for a period of 3 to 5 days.

In the first half of 2010, we will seek to organize a joint workshop with related workpackages in order

to encourage participants to formalize their results and bring them into presentable form. This will lead

to the preparation of joint publication, and of a comprehensive overview of achievements and workpack-

age outputs that will constitute the material of our next and final deliverable DR4.3 to be delivered in

December 2010.
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